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CHAPTER 1

Riemann integration

In this chapter, a < b are two real numbers and I denote the interval [a; b].

1. Integrations of step functions
1.1. Step functions.

Definition 1.1. (1) A partition o = (x9,x1,...,2,) of I is a finite sequence
a=u1z9 <z <- - <z =>. The positive number 6(0) = max;<;<n—1(Tit1—
z;) is called the mesh or the norm of the partition o.
(2) Let 0 = (mo,x1,...2,) and o = (z(,x},...2,) two partitions of [a;b].
The partition o is finer than o’ if:

{.’EH’L:O,L,TLI} g {$J|]:0,1,,n}

Example 1.2. An example of a partition o = (xg, z1,...,z,) withn =7.
Tor1 T2 I3 T4 Ty Te I
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a b
Remark 1.3. (1) If o is finer than o/, §(c) < §(0’). The converse does not
necessarily holds.

(2) If 0 = (zo,x1,...,2y) and o' = (zy,x),...,2,,) are two partitions of
[a;b]] and there exists another partition o’ = (z{,zY,...,2,) which is
finer than both ¢ and ¢’. This is illustrated below.

2l o gl I~
ToT1 To T3 T4 25 Tory Ty T3 Ty Ty Tg T7 Ty
| 1 | | | PONY | - | - - | |
l, T / T/ T T/ l/ I T T T T T T T I
Lo L1 T2 T3 Ty a b

(3) “Being finer” is an order relation on the set of partitions of a given interval.

Definition 1.4. A function f: [a;b] — R is a step function (or staircase function)
if there exists a partition o = (xo,...,z,) of [a;b] such that f is constant on
Jzi; 201 for all 1 <4 < n — 1. In that case, one says that o is adapted to f.

Example 1.5. A graphical example of a step function and an adapted partition is
given below. Note that the partition does not need to be “optimal” to be adapted.

—
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Remark 1.6. (1) If a partition o is adapted to f and ¢’ is finer than o, then
o' is also adapted to f.

(2) The set of step functions from [a;b] to R is a sub R-vector space of
the vector space RI*% of functions from [a;b]] to R. In particular, if
fyg: [a;b] — R are two step functions and A, p are two reals, then \f + ug
is a step function.

1.2. Integrations of step functions.

Notation 1.7. Let f: [a;b] — R a step function et o = (29,1, ...2,) an adapted
partition for f. One denotes I(f, o) the real defined by the following formula:

n—1

I(faU)Z Ui(wiJrl_mi)»

%

Il
<

where v; is the value of f on ]z;;x;41[.

Proposition 1.8. Let o and o’ be two partitions adapted to a step function f: [a;b] —
R, then I(f,0) = I(f,0’"). In other word the quantity I(f,o) depends only on f
and not on the (adapted) partition chosen to compute it.

Notation 1.9. If f: [a;b] — R is a step function, denote f:f = f; f(x)dz =
f: f(®)dt .= I(f,o0) for any partition o adapted to f. We extend these notations
and declare that [ =0 and that [,' = — f; f.

PROOF OF PROPOSITION 1.8. It is enough to consider the case where o’ is

finer than o and we can even further reduce to the case where ¢’ is obtained from
o by adding one point in the partition o. Denote o = (xg,z1, ..., %),

o' = (0, T Y Tjg1s - Tn) = (X0, XY, Ty )

and v; and v; the values of f on Jz;;x;11[ and on Jj; 2} [.

One has:
n—1
I(f,0) =Y vilwiss — @)
=1
j—1 n—1
= wilwipr — @) F v (mi —25) + Y vil@ien — 35)
=1 imj11

J—1 n
= Z’Ui(%ﬂ — ;) + iy — ;) + (T4 —y) + Z v (@i — )
i=1 i=j+2
j—1 n
=D i@l — @) + (e — @) + O (@ge — aga) Y Vi@l — @)
i=1 i=j+2

n
=D vilal, — )
=0

= <f7 UI)'
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Remark 1.10. If f: [a;b] — Rx>¢ is a step function, then fab f measures the area
under the curve of f: each terms in the sum corresponds to the area of a rectangle.

| |
I I

a b

1.3. Property of the integral of step functions.
Proposition 1.11. Let f,g: [a;b] — R be two step functions.

(1) b b b
/a(f+g)=/a f+/a g-

(2) If X is a real number, then:

/ab(Af)ZA/abf.
/abfé/abg-
/abf=/:f+/cbf

(5) If f and g are equal everywhere but on a finite number of points, then

[r-[

Remark 1.12. (1) The points (1) and (2) say that f — f; f is a linear form
on the space of step functions.
(2) The point (3) says that f — ff f is increasing.
(3) In point 4, we slightly abuse notations: [ f should read [ fi(..q and fcb f
should read f: Jiesp)- This relation is called the Chasles relation.

(3) If f < g, then:

(4) For all ¢ € [a;],

PRrROOF. Point (1): Let o0 = (zg, z1,...,T,) be a partition of [a;b] adapted to
f and g and denote v; (resp. w;) the value of f (resp. g) on ]z;;x;41[ for all ¢ in
{0,...,n — 1}. For all such ¢, f + g is constant equal to v; + w; on |z;; z;4+1[, so
that f + g is a step function and that o is adapted to f + g and:
b n—1
[ =10 +0.0) = Y w1+ wi)(aina — )
@ i=0
n—1 n—1

=) vi(®iy1 — @) + Z 03 (Tit1 — ;)

Il
=]

%

1=0
=I(f7a)+f(g,o)=/abf+/abg.



6 1. RIEMANN INTEGRATION

Point (2): Let ¢ = (xq,...,2,) be a partition of [a;b] to f and denote v; the
value f on |a;;x;41[ for all ¢ in {0,...,n — 1}. For all such i, Af is constant equal
to Av; on |x;; z41] so that A\f is a step function and that o is adapted to Af. One
has:

/ A =I(\f,0) Zm Tit1 — Ti)

- b

- Z (g1 — ) = M(f,0) =X | f.

=0

Point (3): Because of the previous points, it is enough to prove that fab ;>
0 whenever f is a nonnegative step function. Let f: [a;b] be nonnegative step

function and o = (zg,...,x,) be a partition of [a;b] to f and denote v; > 0 the
value f on |z;;x;41] for all i in {0,...,n — 1}. One has:
/ = 10) = S o
i=0
> Z 0(xi41 — ;) > 0.

Il
=]

?

where the first inequality comes from the fact that the v;s are nonnegative and that
(i1 — ;) > 0.

Point (4): Let 0 = (xo,...,x,) be a partition adapted to f. We can suppose
that ¢ = z; for some j in {0,1,...,n}. Denote by v; the values of f on Jz;; z;41].
One has:

/abf—l(fv Z (Tit1 — ;)

=0

j—1
= Z xz—&-l + Z % :Cz-i—l
=0 ]

= I(fija;e)» 1) + L(fj[en)s 02) / / I

where o1 = (zo,21,...,2;) and 02 = (z;,Z41,...,2,) are partitions of [a;c] and
[c; b] respectively.

Point (5): Thanks to points (1) and (2) it is enough to prove that fff =0
whenever f is a function which equals 0 except for a finite number of points. Let f
be such a function and o = (zy, ..., z,) be a partition adapted to f. The values v;
of f on Jx;; x;41] are all equal to 0 since |x;; ;41| contains infinitely many elements.
Hence

b n—1
/ f=1(f0)= ZO($i+1 —xz;) =0.

2. Riemann integration

In this section, we let f: [a;b] = R be a bounded function and choose m and
M in R such that for all z € [a;b], m < f(z) < M.
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2.1. Definition.

Notation 2.1. Denote

e(f) :={f: [a;b] = R step function such that f < f} and

E(f) :={f: [a;b] — R step function such that f > f}.
These two sets are non-empty since (t — m) is in e(f) and (¢t — M) is in E(f).
Moreover, for all f in e(f), [V f < ['M = M(b— a) and for all f in E(f),
f;? > ff m = m(b — a). This implies that

b
I_(f) sup{/ flfe e(f)} and
b
L.(f) =inf{/ TITe e(f)}-
are well-defined.

For all f in e(f) and fin E(f), one has f<f< f. This implies in particular,
that I_(f) < I.(f).

Definition 2.2. The function f is Riemann-integrable or simply integrable if I_(f) =
I (f). In that case, one writes:

/ . / foat = 1)

Remark 2.3. Any step function f is integrable since one has: I_(f) = I.(f) =
I(f,o0) for any partition o adapted to f.

Proposition 2.4. A function f: ia; b] — R is integrable if and only if, for all
€ > 0, there exists f in (e(f)) and f in E(f) such that:

/ab(f—f)—/abf—/abfie.

PROOF. Let us first suppose that f is integrable and denote J = f: f. Let

€ > 0. Since ,
J:sup{/ f|f€e(f)}

there exists f in e(f) such that J — f;i < 5. Similarly, since

J=inf{/f|f€E(f)}

there exists f in E(f) such that f:? -J<§.
For such an f and such an f, one has:

Conversely, let € > 0. We can find f in e(f) and f in E(f) such that

[r-[re

Since I, (f) < [V fand I_(f) > [ f, this implies that
Li(f) = I-(f) <e
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Since this holds for any €, one has I (f) < I_(f) and therefore I, (f) = I_(f) and
f is by definition integrable. O
Example 2.5. Let us prove that the function

g=xonpo:1): [0;1] — R
1 ifzeqQ,

z .
0 otherwise,
is not integrable.
Let g be a step function in e(g) and o = (x¢,21,...,2,) be a partition of
[0; 1] adapted do g. For any ¢ in {0,1,...,n — 1}, J&;, ;41[ contains an element of

[0;1]\ Q, so thatig < 0 on |z 2; + 1] and finally g < 0on[0,1] except for finitely

many points, hence f01 g <0 and therefore, I_(g) < 0.

Simliarly, let g be a step function in E(g) and o = (x¢, z1,...,z,) be a partition
of [0;1] adapted do g. For any ¢ in {0,1,...,n — 1}, ], x;41[ contains an element
of [0;1]NQ, so that § > 1 on |z;; 2; + 1] and finally g < 1 on [0, 1] except for finitely
many points, hence f01§ > 1 and therefore, I (g) > 1.

This proves that I_(g) # I;(g) and finally that g is not integrable.

2.2. Properties. Recall that f: [a;0] — R is a function that we assume
bounded below and above by m and M respectively.

Proposition 2.6. If f is integrable then:

1 b
we it [ren
b—a J,

PROOF. The function ¢,,: [a;b] © t — m is in e(f) so that I_(f) > fab Cm
m(b—a). Similarly, function cpr: [a;b] 5 ¢t — M isin E(f) so that ff f=L(f) <
f;cMzM(b—a). O
Proposition 2.7. Let f,g: [a;b] — R be two integrable functions.

(1) The function f + g is integrable and

/ab(f+g)/abf+/abg.

(2) If X\ is a real number, then \f is integrable and:

L%Mﬁkéwi
/abfé/abg-

(4) For all c € [a;b], fila;e) and fiie) are integrable and:

t[fLV+[U

(5) If f is integrable and h is equal to f everywhere but on a finite number of
points, then h is integrable and

=]

Remark 2.8. (1) The points (1) and (2) say that the space of integrable
functions is a sub R-vector space of the space RI%! of function from [a; b]

(3) If f > g, then:

to R and that f — f; f is a linear form on the space of step functions.
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(2) The point (3) says that f ff f is increasing.
(3) In point 4, we Cslightly abuse notations: [ f should read [ fjja;) and fcb f
should read fa Jije;p- This relation is called the Chasles relation.

PROOF. The proof makes extensive use of Propositions 1.11 and 2.4.
Point (1): Let € > 0 and let f in e(f), f in E(f), g in e(g) and g in E(g) such

that:
b
/(?—j)s
(lb )
/a (?*g) S 5
Then f+g€e(f+g), f+7 € E(f+g) and:

/ab((f+g)—(f+9))=/ab(f—f)+/ab(g—g)ge

and f 4 g is therefore integrable.
Moreover, for any f in e(f) and g in e(g), f + g is in e(f 4 g), so that one has:

/abf+/abg=/:(f+g)gf_(f+g):/abf+g_

Taking suprema on the left-and side, this implies that:

/f+/g—I_ H+I-(g /f+g

Similarly, for any f in E(f) and g in E(g), f + g is in E(f + g), so that one has:

/f+/g—/ (F+9)>L(f+9) = /f+g

Taking infima on the left-and side, this implies that:

/f+/9—1+ )+ 1Li(g) > /f+9
/ab<f+g>=/abf+/abg

Point (2): We treat three cases: A =0, A > 0 and A < 0.

If A =0, Af is the null function, which is a step function and therefore inte-
grable, moreover, f; A =0= )\ff f.

If A>0. Let e >0 and let f in e(f) and f in E(f) such that:

b —
[G-p=
Then Af is in e(Af), Af is in € E(f) and:

/ab(Af—Af)=A/ab(f—f) <e

and Af is therefore integrable.
Moreover, for any f is in e(f), Af is in e(Af), so that one has:

/\/ /)\f<I_)\f //\f

and

N

Finally

>l
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Taking supremum on the left-and side, this implies that:

A/bf:M<f><A/bf.

Similarly, for any f € E(f), Af € E(f + g), so that one has:

/\/ /Af>[+)\f /Af

Taking infimum on the left-and side, this implies that:

/abf AL (f) > /Af
e

If A <0. Let € > 0 and let f in e(f) and f in E(f) such that:

/ab(f—f)g—

Finally

Then \fE(\f), Af € e(f) and:

/ab(Af—Af)=—A/ab(f—f>§e

and A\f is therefore integrable. Since \f + (—A)f is equal to 0, we can conclude
using point 1, that

/:Afz—/ab(—kf)=—(—k)/abf:A/abf-

Point 3: Because of the two previous points, it is enough to prove that if f is
integrable and nonnegative, then f; f > 0. This is follows from Proposition 8.
Point 4: Let € > 0, f be in e(f), f be in E(f) such that

/ab(f—f) <e

The function i‘[a;c] is in e(fa;¢), the function ?Ha;c] is in E(fa,), the function
i‘[c;b} is in e(f|[c), and the function f‘[c;b} is in E(f)[c)). Moreover:

= [G-p=[T-n+ [T

and the two terms on the right-hand side are nonnegative, so that:

[G-p<ema [Gups<e

This proves that fi(4,q and fi.;) are integrable.
Using the same trick as for point 1 (proving two inequalities), we obtain that:

/ /f+/f

Point 5: Because of points (1) and (2) it is enough to prove that f;f =0
whenever f is a function which equals 0 except for a finite number of points, but
we already prove this in the proof of Proposition 1.11(5). O
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Given a any function f: [a;b] — R, we define fi, f_: [a;b] — R as follows:

fyr Jad] — R and fo: a;b] — R
x +— max(0, f(z)) x +— max(0,—f(x))

In particular, one has f = fi — f_ and |f| = f+ + f_.

Lemma 2.9. If f: [a;b] — R is integrable, then both fi and f_ are integrable and

/abf=/abf+—/abf— /ab|f=/abf++/abf_

PROOF. It is enough to prove that fy isintegrable, the rest follows from Propo-
sition 2.7. Let € > 0, g € e(f) and h € E(f) such that

/ab<h—g>s6.

We us the same decomposition for g and h: g = gy — ¢g— and h = hy — h_. One
has g+ € e(f4) and hy € E(f4), so that g < hy and therefore h_ < g_. This
implies that:

/ab(h+—g+):/ab(h—g)+/:(h—g)</ab(h_g)<6

which proves that f is integrable. O

Proposition 2.10 (triangular inequality). If f: [a;b] — R s integrable, then so

is |f] and
INE /:f‘

ProOOF. With the notations introduce earlier, if f is integrable, then so are f,
and f_ and therefore as well |f|. Moreover, one has:

b b
f+= | f
/ab|f|_/abf++/abf—2 ;:bf+>/a/abf .

Proposition 2.11. If f, g: [a;b] — R are integrable then so is fg.

ProOOF. Using the decompositions f = fy — f_ and g = g+ — g—, we may
suppose that f and g are both nonnegative. Since both f and g are integrable,
they are bounded. Let M > 1 such that f(z) and g(x) are smaller than M for all
z in [a;b]. Let € > 0 and define ¢ = 55 Let f ine(f), f in E(f), g in e(g) and g
in E(g) such that:

/ab(ff) <€ and /ab(gg) <¢.

Replacing f and g by £+ and 9, respectively, we may suppose that f and g are

both nonnegative. Similarly, replacing f and g by min(f, M) and min(ug, M)
respectively, we may suppose that f and g are both bounded by M.
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The function fg is in e(fg) and the function fgisin E(fg). One has:
b b B .
| Ga=to)= [ Ga-TFa+To- 10
/ f@—-9) / g(f = 1)
/ M(g — g / M

< Me +Mé =«

This proves that fg is integrable. O

Remark 2.12. In general, f; fg # (f: f) (f: g).

Proposition 2.13. If f is integrable and that inf (o |f(x)] > 0, then % is inte-
grable.

ProoOF. Using the decomposition, f = f, — f_, one can suppose that f is
positive. Let m strictly positive such that m < f(z) for all z in [a;]. Let € > 0
and define ¢ = m?c. Let f be in e(f) and f in E(f) such that

The function % is in E(%) and the function % is in e(%) One has
b b b /
/(11)/ff</f I_< _.
o L f o ff T o om®* T om?
which proves that % is integrable. O

3. Two classes of integrable functions

We will show that continuous function and monotone functions are integrable.

3.1. Intergrability of continuous function. Before proving that contin-
uous function on a closed interval are integrable, we briefly recall an important
concept.

Definition 3.1. A function f: [a;b] — R is uniformly continuous if for all € > 0,
there exists d., such that for all ,y in [a;b], if |z — y| < &, then |f(z) — f(y)| < e

Theorem 3.2 (Heine, see first semester). If f: [a;b] — R is continuous, then it is
uniformly continuous.

The “hidden hypothesis” in this theorem, is that the domain of f is a closed
interval.

Theorem 3.3. If f: [a;b] — R is continuous, then it is integrable.

The converse is obviously not true, since most step functions are not continuous,
yet they are all integrable.

PRrROOF. Consider f: [a;b] — R a continuous function, it is therefore uniformly.
Let € > 0 and apply Heine’s theorem with €' := “-, we can then pick ¢ such that
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for all z,y in [a; 0], if |z —y| <4, |f(x) — f(y)| < €. Let 0 = (zg,21,...,2,) be a
partition of [a; ] such that for all ¢ in {0,1,...,n — 1}, 2,41 — 2; < J. Define

g:  Ja;b] —
Nyelee, ) f(w) it €[ziszipa]  and
ift=0.

t

MaXye[z;5wi11] flu) ift € [z 4]
if t =b.

t

R

-

he [abh] — R
-

By their very definition, g € e(f) and h € E(f). For all i € {0,1,...,n}, one has:

. €
welr T = i ) < 5=
so that
b n—1 e ol
L 0=0 < E ) = o S ) =
which proves that f is integrable. O

Definition 3.4. A function f: [a;b] — R is piecewise continuous if their exists a
partition o = (xg, 21, ..., Zn+1) of [a;b] and continuous functions f;: [z;;ziy1] = R
for i in {0,1,...,n — 1}, such that fillosmisa] = Mzozil:

Example 3.5.

X1 lz

VY

Remark 3.6. If f: [a;b] — R is piecewise continuous, it is the sum of a step
function and of a continuous function.

c~——§‘

Corollary 3.7. If f: [a;b] is piecewise linear, then it is integrable.
3.2. Integrability of monotone functions.
Proposition 3.8. If f: [a;b] — R is monotone, then f is integrable.

PROOF. Let f: [a;b] — R be a monotone function. Eventually replacing f by
—f, one can assume that f is increasing. Let ¢ > 0 and n a positive integer greater
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than or equal to w. Define
9: (@] —

R

A f(a+ib77“) ift € [z5;2401]  and
f(v) if t =b.

h: [a;] — R

fla+ (@E+1)=2) ift € [z mi4]
f(b) if t =b.

By construction, g € e(f) and g € E(f) (because f is increasing). For both of them
the partition (a,a + ”’Ta, a+2b—an,...,b) is adapted and

/abh—g=§:b;a (f <a+(z’+1)b_na> —f(a—kib;a))
B b;a: (f <a+(i+1)b_na> —f(a+ib;a>)

which proves that f is integrable. O

4. Riemann sums

As before, a < b are two reals and f: [a;b] — R is a function.

Definition 4.1. (1) A pointed partition of [a;b] is a pair (o,t) with o =
(zo,21,...,2y) a partition of [a;b] and t = (Lo, t1,...,tn—1) an n-tuple of
reals such that for all 4 in {0,1,...,n — 1}, ¢; is in [z @ip1].

(2) The Riemann sum of f associated with a pointed division (o,t) is the
quantity, denoted by X(f, o, t) defined by:

2(7,0,0) = 3 F(F) i — )

Remark 4.2. In practice, we will often deal with regular partition, that is parti-

tions o = (zg, 1, ..., xy) for which z;41 —a; = b_Ta, namely:
b—a b—a
ro=a, x1=a-+ yeee STi=a+1 yeery Ty =0
n n
Pour the “pointing data” t, we will often use t; = x;, t; = z;,.1 or t; = %
Recall that if o = (x9,x1,...,2,) is a partition of [a; b], the mesh of o, denoted

§(o) is the quantity maxi<ij<p—1 Tit1 — ;-
Proposition 4.3. Suppose that f: [a;b] — R is integrable, then for all e > 0, there
exists 0 > 0 such that for any pointed partition (6,t) for which é(c) < 9,

<e.

LW—ZUu@

PROOF. Let € > 0 and f: [a;0] — R an integrable function. Since f is inte-
grable, |f| and denote M a positive upper bound of |f|. Let f be in e(f) and f be

in E(f) such that
b
/ (f=1 =<

[NCN e
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and denote o’ = (x,21,...,2],) a partition of [a; b] adapted to both f and f. One
has:
€

[G-n<s ma [G-p<s

Define § = g% We will prove that this 0, any pointed partition (d,¢) for which
d(o) <4,

b
/ foS(fiot)| <e

Let (o,t) be such a pointed partition, denote ¢” = (xf,2Y,...,2!,), the partition
obtained by inserting in o the points of ¢/ which are missing. Note that there are at
most n’ — 1 such missing points and that at most 2n intervals [z}, z7', ;] for which
one (or two) of the two ends are in ¢’. Define the step function

g:  [asb)] — R
N g(t;) ifx € |zl
g(b) ifx=hb.

By its very construction, one has X(f, o, t) fbg The partition ¢ is adapted to

g and f. If none of the two ends of [z}, Z’H] is in o', then g, oty 2 f| Y

L5 7‘T7,+1[

L | —2M. Since ¢” is finer than o, its mesh is smaller
7741

S(f,0,t) = / g>/ — 46 Mn’

Otherwise, g|(y;2 = > f
than §. One hab.

a

Arguing similarly with f (one needs to change the direction of the inequality), one
gets

E(f,00t) = /abg < /abf+45Mn’

b

o 2
b
< f+e
So that finally
b
f=3(f,0t)] <e
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Corollary 4.4. If f: [a;b] — R is integrable, then:
1 n—1
)= Jlim =% flat(i+1)

=0

b —

a b—a
n

n—1
1
o 1 |
Jm 2 ot

Il
s

PRrROOF. Each sequence corresponds to Riemann sums of partitions of meshes
b_T“, since this quantity converges to 0 as n goes to oo, we can apply 4.3 (]

Example 4.5. Applying Corollary to f: [1,2] 3 z — - € R, we get immediately

that:
1 1 2 >d
lime —/f:/—x:lnz
7L_>0ni:01+ 1 1T T

l_
n

The last identity should not be a surprise, but at this stage we do not have the
necessary results to assert it. See Section 5.

5. Fundamental theorem of analysis

Proposition 5.1 (Average realization). Let f: [a;b] — R a continuous function.
Then there exists ¢ in [a;b] such that:

s =y [ 8

PROOF. Since f is continuous it is bounded and reaches its minimum and
maximum. Let m = min,) f and M = max[, f. Recall (from Proposition 2.6)
that:

1 b
m<7/f§M.

“b—-a

The intermediate value theorem applied to f, asserts that there exists a ¢ in [a; )]

such that
1 b
Q=5 [ 1

Definition 5.2. Let f: [a;b] — R be a function, a function F': [a;b] — R is a
primitive of f if, F is continuous on [a; b], differentiable on ]a; b[ and if for all z in

Ja; bf, F'(x) = f(x).

Remark 5.3. If F: [a;b] — R is a primitive of f: [a;0] — R and ¢ is a real
number, F' + ¢ is another primitive of f. Conversly, if F' and G are two primitive
of f, then F — (G is constant.

O

Theorem 5.4 (Fundamental theorem of analysis, part 1). Let f: [a;b] — R be a
continuous function, then the function:
F: [a;b]

— R
T

J

S

f

s}

is a primitive of f for which F(a) = 0.
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PROOF. The fact that F(a) = 0 is clear. Fix z in [a;b], for y in [a;b], one has:

/ /f+/fF T (@ - )fley)

for a given ¢, in [z;y] because of Proposition 5.1. Hence

F(y) = F(z) + (z —y)f(2) + (2 —y)(f(cy) — f(2)).
When y tends to z, ¢, tends to x and, since f is continuous, f(c,) — f(z) tends to
0. This proves that F is differentiable in « and that F'(z) = f(x). O

Corollary 5.5 (Fundamental theorem of analysis, part 2). Let f: [a;0] = R be a
continuous function and F be a primitive of f, then,

b
/f:F@—F@.

G: [a;] — R
z = [Tf
is a primitive of f, G — F is constant, so that (G — F)(b) = (G — F)(a), and hence
F(b) — F(a) = G(b) — G(a) = G(b) = [ f. O

PROOF. Since






CHAPTER 2
Computing primitives
Primitives are an essential tool for computing integrals.

1. Primitives of usual functions

In the following table, we give a list of primitives of classical functions. Of
course primitives are all defined up to an additive constant. In this tables, a and b
are arbitrary real numbers (sometimes statisfying conditions).

’ Function ‘ Primitive ‘ Definition domain ‘
t— 1/t t — log(|t]) R*
t (t+a) t — log |t + al R or R\ {—a}
b (t+a)b+1
-1 ¥re R\ {—
ts (t4a)b,b# t0—>1b+1 \ {—a}
t +— cos(at),a #0 t — —sin(at) R
a
I
t — sin(at),a # 0 t — —— cos(at) R
a
t e a#0 te/a R
t — cosh(at),a # 0 t — sinh(at)/a R
t — sinh(at),a # 0 t +— cosh(at)/a R
tra’,a>0,a#1 t > a’/log(a) R
t — 1+ tan?(t) = 1/cos?(t) | t — tan(t) R\ {n/2 + kn|k € Z}
t > 1+ cot?(t) = 1/sin’(t) |t — cot(t) R\ {kr|k € Z}
t+— 1/ cosh®(t) t — tanh(t) R
t+— 1/sinh?(t) t — —cotanh(t) R*
t— —— t — arctan(t) R
1+ t2
1 .
t— t — arcsin(t) [—1,1]
11— t2
t— T t—loglt+Vit2—1] | ]— o0, —1[U]1,+o0]
1
t— t = log(t 4+ 1412 R
Nies: ol :
t— In|t| t—tln|t| —t R

2. Integration by parts

Proposition 2.1 (Integration by part). Let w,v: [a;b] — R be two function of
class C1 on [a;b], then

b

(1) /ab wv’ = uv(b) —uv(a) — / u'v

a

19
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PROOF. The function uv: [a;b] — R is a primitive of uv’ + u'v, hence

b
wv(b) — uv(a) = / (uwv’ + u'v).

O
Notation 2.2. If f: [a;b] — R, we write [f]l; := f(b) — f(a), with this notation,
identity (2) becomes:

@) / " = ! — / "o,

Example 2.3. For n € Z, define:

fn: R>O - R
t — t"Int.

For n # —1, one has:
b

b b tn+1 b tn—i—l
/ fn :/ t" Intdt = [ ln(t)] —/ ——dt
1 1 n -+ 1 1 1 (n —+ l)t

bn+1 bn+1 1
Thrl e T mrip
If n = —1, one has:

/bfl :/b @dt: n(t)?]; —/flnit)dt

so that fb ) 4t = L n(p)2.
(1) One ca compute.

b b
/ arctan(t)dt = [t arctan(t)]g - / Ldt
0 0

1+1t2
1
= barctan(b) — 3 In(1+b?).

3. Change of variables

Proposition 3.1 (Change of variables). Let I and J be two intervals of positive
length and ¢: J — I a function of class C*. Let f: I — R be a caontivous function
and a # b two element of J, then:

W w(b) b
/@(a) f :/a ((fop)¥)

(2) If  is bijective and o', b’ are two elements of I, then:
e
I
/ /—1(a')
PROOF. Let F be a primitive of f. Then F o ¢ is a primitive of (f o ¢)¢’
that:

b ©(b)
/ (fo@)¢) = (Fop)(b) — (Fog)(a) = F(o(b) — Flp(a) = / L

The second statement is obvious, when setting o’ = ¢(a) and b’ = ¢(b). O

In practice, one often writes “u = t(t)” and one replaces “du” by “¢’(t)dt”.
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Example 3.2. Let us try to find a primitive of:
fr R — R
1
t e (1422)v/1+22°

We set “t = tan(u)”, so that “dt = (1 + tan(u)?)du = (1 + t?)du” and therefore
dt_ — du, using this change of variables, we get:

1+nt?
b b 1 drctan(b)
=/ -/
-/a a (1 + t2)m arctan(a) 1+tan(u)

arctan(b) arctan(b)
/ | cos(u)|du / cos(u)du
a; a

arctan(a) rctan(a)

= sin(arctan(b)) — sin(arctan(a)).
Finally, a primitive of f is given by

F: R —- R
x +— sinoarctan(z) =

1+x2°
The last identity can obtained geometrically.

sin(arctan(x))

4. Integration and Taylor approximation
Let I be a non empty open interval.

Theorem 4.1 (Taylor formula, integral form). Let a and b in I and f: I - R a
function of class C™ for n € N*, then:

n—1 —a k b _ 4\n—1
b) _ Z f(k) (a) (b o ) +/ ((zn t)l)] f(n)(t>dt
k=1 ’ a ’

PROOF. Let us fix @ and b € I. We prove this by induction. For n € N*| we
set:

_ak b _ f\n—1
M, = Wf e CHIR) f(b)=’;f(k)(a)(b L+ [ O

Initialization: For n = 1, H; means:

F(tdt”

b
“f e CYLR), f(b)=f(a)+ / s

which is true, since f is a primitive of f’.
Induction step: Let n € N* such that #,, is true. Let f: I — R of class C"*1.
In particular f is of class C™ and we can use H,, so that one has:

TN ) T A k) Kt
3) 6= 32 190 w [ O e
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The function (™ is of class C', so that we can integrate by part the last term:

n—1 n b mn
/b(b_t)f(”)(t)dt:— [(b;f)f(")(t)} +/b<b;!t)f(”+”(t)dt

(n—1)!
— (b - a)nf(n)(a) + /b (b — t)nf(n+1)(t)dt

n! o n!

a

Plugging this into (3), we obtain:

n —a)* b _ A\n
k=1 ) @ ’

so that H, is true. Finally, by induction, for all n € N*, H,, is true. O

We can recover the Taylor formula we already know:
Corollary 4.2. If f: I — R is a function of class C™ and b € I, then for a — b:

7n_1 (k) (b —a)* n—1
FO)=>"f (@)= +ollb—a)*™).

k=1

This means that there exists a function e: I — R such that e(a) 220 0 for

which the following holds

n—1 b k L
10 = 1@ = 0t
PrOOF. We use Theorem 4.1 and obtain that:
n—1 b n—1 n—1
B o (b—a)f (b-1) (n) _ o (b—ca) (n)
0= @S = [ 0ar= 60 S )

for a given ¢, between a and b. We obtain the result by defining:

b—c n—1
(@) = (= 0) =l 1 (co)
O
Definition 4.3. Let a in I and f: I — R a function. We say that f admits a
Taylor approximation of order n at a if there exists reals cg,...,c, such that for
t — a,

FO)=> et —a)* +o((t—a)").
k=0

Remark 4.4. (1) A function f admits a Taylor approximation of order 0 in
a if and only if it is continuous.
(2) a function f admits a Taylor approximation of order 1 in « if and only if
it is differentiable.
(3) If f is of class C", then f admits a Taylor approximation of order n (the
converse it not necessarily true, see Remark 4.6).

Proposition 4.5. Leta in I and f: I — R a continuous function which admits a
Taylor approximation around a at the order n: there exists cg,cq,...,c, such that
fort — a,

F&) = er(t—a)* +o((t — a)").
k=0
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Then for any primitive F' of f, one has fort — a:

n _ )kl
F(t) = F(a) + Z Ck o™ A +>1 +o((t —a)™*h).
k=0

In other words, one can integrate Taylor approximation.

PROOF. One has for t — a,
F&) =Y et —a)f =o((t—a)") = (t — a)"e(t)
k=0

for a continuous function € with e(a) = 0. For each t, we can find ¢; between a and
t such that:

/ (u—a)"e(u)du = (t — a)(ce — a)"e(cy).

Defining

) = () ele) ite#a

0 if t = a,
we obtain:
t n
/ <f(t) = et - a>k> dt = (t — a)"e(t)
a k=0

and € =24 0. O

Remark 4.6. One cannot differentiate Taylor approximations, indeed, for n > 1,
define:

far R — R
{t"sin(tl) if ¢ £ 0

t n
0if t = 0.

The function f, admits a Taylor approximation at the order n — 1 in 0: for all
t — 0, one has

fn(t) = o(t™1).

On the other hand, f, is differentiable on R (there is something to be checked on
0) and:

(1) = nt" 1 sin(7Er) — 2 cos(&) if £ #0,
0 ifn=0.

So that f}, do not admit a limit (and therefore any Taylor approximation ) in 0.

5. Integration of rationnal fraction

Definition 5.1. Let X C R, a function f: X — R is a rational fraction if there

exists two polynomial P, @ € R[X] such that for allt € X, Q(t) # 0 and f(t) = %.

We know how to find primitives of rational fractions, we will see how in this
section.
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5.1. About polynomials.

Definition 5.2. A polynomial with coefficient in a field K (R, Q or C) is an almost
null sequence’ of elements of K. If P := (a;);en is a polynomial, there exists an
n in N such that for all integer k£ > n, a;, = 0. The minimal such n is called? the
degree of P. In that case, we write: P = > ja;X". The set of all polynomial
with coefficients in K is denoted K[X].

Example 5.3. If P = (3,1, %, 0,-2,0,0,...), then one writes:

X2
P:—2X4+7+X+3.

One can add polynomials and multiply them according to the usual rules. This
turns K[X] into a ring, which has very nice properties which will be explored in the
algebra lectures.

Theorem 5.4 (D’Alembert—Gauf} theorem, admitted). Let P € C[X] be a non-zero
polynomial, then there exists o, .. ., oy pairwaise distinct element of C, ny,...,n, €
N* and A € C such that:

P

P(=A]](X = ap)™.
k=1
This decomposition is unique up to permutation of the factors.

Corollary 5.5. Let P € R[X] be a non-zero polynomial, then there exists

® ap,...,a, €R,
e ny,...,n, € N¥,
° bl,...,bqeR,
° Cl,...,CqER>O,
& my,...,mg € N¥,
o )\ € R such that:
P q
P(=A](X —an)™ JTUX = be)® + )™
k=1 =1

This decomposition is unique up to permutation of the factors (the ay are pairwise
distinct and so are the pairs (mg,cg)).

Definition 5.6. The polynomial of the form A(X —a) and A((X —b)?+¢?) in R[X]
are the irreducible elements of R[X].
The polynomial of the form A(X —a) C[X] are the irreducible elements of C[X].

5.2. Decomposition in simple elements.

Proposition 5.7 (Admitted, but not very hard). Let f = g a rational fraction
such that P and Q have common irreducible factor. Let us write Q = [[}_, (X —

a;)", for ai,...,ap in C pairwise distinct and nq,...n, in Nx, then there exists
R € C[X] and (\ij) 1<i<p such that for all t for which it makes sense:
<j<n;
P n, )\
FE)=RE)+D Y
i=1 j=1 (t = ai)?

Moreover, this decomposition is unique (up to permutation of the terms).

LAn almost null sequence is a sequence for which all but finitely many terms are 0.
2P = (0,0,...) then by convention, the degree of P is —oco
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Corollary 5.8. Let f = g a rational fraction such that P and Q have common
irreducible factor. Let us write Q = [[}_, (X — ap)™ [Ti_, (X — be)* + )™, for

ai,...,ap in R pairwise distinct, ni,...n, in Nx, pairs (bj,c;) in R x Rso pair-
wise distinct) and myq,...m, in Nx, then there exists R € R[X] and (\ij) 1<i<p ,
1<j,<n;
(k) 1<k<q and (Vij) 1<k<n Such that for all t for which it makes sense:
1<e,<my, 1<0,<my,
L& Hiel + Vigp
+ZZ — wZZ—Hk o
k=1¢4=1 i) k=14¢=1

Moreover, this decomposition is unique (up to permutation of the terms).

Decompostions appearing in the previous results are know as simple elements
decompositions.

Example 5.9. We want to decompose 3))((45:12 in simple elements.

We have X* — 1= (X — 1)(X + 1)(X2 +1) = (X — 1)(X +1)(X — i)(X +1).
We start by making the Euclidean division of 3X° — 2 by X4 — 1:

3X5 —2=3X(X*~1)+1.

Hence it remains to decompose ﬁ, We expect something of the form:

a n b n c
X— X+1 X2+1

To get the coefficients of +— and X+1 we can multiply by (X — 1) and (X + 1)
and evaluate on X =1 and X = —1 respectively. This gives:

1 1 1

=——1°+1=- and b=

=1y Trtao™ 11

To get the coefficient of X2

9 1
(-)*+1= ~1
—1> we can evaluate in X = 0. This gives:

a b c 1
0-1 041 041 011
sothat c=a—-b—-1= —%. We could as well have decomposed over C and (with
terms in find coefficients for the two resulting fractions to get the

%Z. and

1
X X+

In the end, we obtain:
I 1 B 1 B 1
X4—1 4(X-1) 4X+1) 2(X2+1)

in —4
term in 57-7)

and

3X% -2 1 1 1
= Tt o3x+ - - .
Xt-1 AX 1) 4X+1) 2(X2+1)

It is easy to check the computation by simply putting all terms of the right-hand
side on the same denominator and add them up.

There are many recipes to find the coefficients:

e One always should start by taking the FEuclidean division from P by Q.
This reduces to the case where deg(Q) < deg(R).

e Tout find the terms m, we can multiply by (X — «)™®* and eval-
uating in « (as we have done for &« = —1 and a = 1 in the previous
example).

e One can look at the limit in +oco after having multiplied by an appropriate
X, this gives a linear relation between terms of the form ﬁ

e One can evaluate for various X = t, this gives linear relations between the
coefficients.
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5.3. Primitives of rational fractions. From previous subsection, we know
that for computing primitives of rational fractions, it is enough to understand the
following cases:

e f: t+— R(t), where R is a polynomial. This is easy.

o f: tHﬁwhereaGR. F: t— In|t — «f is a primitive of f.

of:tHﬁwhereaGRand(nEQ). F:t—
primitive of f.

o f:tr 220 where byc € R. F: t+— In((t+b)? +c?) is a primitive of

1 .
T Do) S 2

(t+b)2+c?
f.
o fit— m where b,c € R. F: t — Larctan(t?) is a primitive of
f

[ ] f: t— %Whereb,céRananZ. F:t—
is a primitive of f.

o f:t— m where b,c € R and n > 2. This case is a little bit
more complicated and we shall explain how to proceed below.

Fix b,c in R and for n > 1, define

1
B (LT

1

n. t _
! H(t+b)2+62

We look for primitives of f, for all n > 2. We already know that

1 t+b
Fi:t— — arctan(i)
c c

is a primitive of f;. We define by induction F}, as follows®:

1 (2n—1 t+b
Foiqi:t — | —F,.(t — () | .
st (T R0+ )

We now show by induction, that F), = f/. For n = 1, this is clear. Let n € N* for
which this is true.

, 1 (2n—1 1 t+b —n(2t + 2b)
F, i (t)= = (%fn(t) + %fn(t) + om <((t T0)2 + 02)"+1>>

1 ((t+b)2+02 - (t+b)2>
((t+0)* + c)ntt

2
= fr(t)

So that we have indeed found primitives of f,, for all n € N*.
For instance, one has:

1 1 t+b t+b

F I
5 tl—>02 (2Carctan( ) 2((t+b)2+c2))

—larctan(t+b) 4o

3 c 22 ((t+0)2+¢?)

t+b 3(t+b) t+b

Fs5:t t .
o (g E 4 e i)

3This formula comes from the fact that f,,1(£)((t 4 b)2 + c2) = fn(t) which can be can integrate
by part.
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6. Functions which reduce to rational fractions

t — f(et) where f is a rational fraction. In that case, we can do the
change of variable “e’ = u”, so that “dt = 9%
g: t+— f(cos(t),sin(t)) Where f is a rational fraction (in two variables!).
In that case, we can do the change of variable “tan(t/2) = u”, so that
“cos(t) = };;jﬁ 7 “sin(t) = 12+“2” and “dt = ffgz 7. Sometimes, some
other change of variables are actually more efficient, this is sum up in the
so-called Bioche’s rules (but they don’t always work):
o If g(—t) = —g(t), then the change of variable “u = cos(t)” might be
a good idea.
o If g(m —t) = —g(t), then the change of variable “u = sin(¢)” might
be a good idea.
o If g(m+1t) = g(t), then the change of variable “u = tan(¢)” might be
a good idea.

t— f(t, ¢ ‘;fig) where f is a rational fraction. In that case one can do

the change of variable “u = ¢/ ztt—_ts”, so that we have “¢ = 44 =0» 4pq

cu™+a
1—-n _ad—bc %
(ct+d)? de”.

t — f(t, Vat? + bt + ¢) with a first change of variable one reduces to one

of the following three cases (depending on a, b and c):

(a) t — f(t,vt?+1). In that case we use the change of variable “t =
sinh(u)”, so that “v/t2 + 1 = cosh(u)” and dt = cosh(u)du.

(b) t — f(t,v/t2 —1). In that case we use the change of variable “t =
cosh(u)”, so that “v/t? — 1 = |sinh(u)|” and dt = sinh(u)du.

(¢) t = f(t,v/1—1t?). In that case we use the change of variable “t =
cos(u)”, so that “v/1 —¢2 = |sin(u)|” and dt = — sin(u)du.

So that we are reduced to cases (1) and (2).

“du = fu







CHAPTER 3

Ordinary differential equations

In all this chapter, I is an interval of R with non empty interior.

1. Definition, generalities

Definition 1.1. Let n > 1 be an integer and F': I x R"™* — R and f: I — R be
continuous functions. The equation

(E) F(z,y.y,-.y™) = f(x).

is called an (ordinary) differential equation of order n. It is homogeneous if f is
identically equal to 0. A solution of (E) is a function ¢: J — R of class C™ with
J an interval contained in I such that for all ¢ in J,

F(t,0(t), ¢ (1), .., o™ (1) = f(2).
A solution ¢: J — R is mazimal if for any other solution ¢: J' — R such that
gOlJmJ/ = ’l/}lJmJ/, then J’ g J.
To solve a differential equation is to find all its maximal solutions, sometimes
satisfying extra conditions

Example 1.2. Consider a weight attached to a spring and denote y(t) the height
of the weight at time ¢. Suppose that the spring react in an elastic way', then y
satisfy the following equation:

(4) y"(t) +ay(t) =0,

where a is a real constant depending on the spring (and called the elasticity of the
spring). This is an homogeneous linear differential equation of order 2. If we include
air resistance (proportional to speed), in our model, we obtain a new equation:

() y" () + by’ (t) + ay(t) =0,

where b is a constant that depends on the aerodynamics of the weight. If the spring
reacts not completely elastically, then we get:

(6) y"(t) +by'(t) + f(y(t)) = O,
for some function f. If further more one acts on the weight with an external force
depending on time and encoded by a function g, one obtains

(7) y"(8) + by () + f(y(t) = g(b).

Sometimes we can solve differential equation explicitly, sometimes we can only
prove that solutions satisfy some properties.

Definition 1.3. A differential equation if linear of it can be written as:
(8) g +ary" D+t any +any = f

for some functions a;: I — R and f: I — R. We will be mostly interested in such
equation especially when the functions a;, called coefficients are constant.

LThis means that its strength is proportional to its elongation.

29
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The case of differential equation of order 1 can be interpreted geometrically.
Suppose that (E) can be written as follows

(E1) y' = F(z,y)

for a function F': I x R — R. Then for any point (z,y) of the plane, with z in I,
define Dy, ) to be the straight line through (z,y) with slope given by F(z,y) —
this kind of data is a line field (or vector field) on I x R. Then a solution ¢: J — R

of (E1) is a function whose corresponding curve is tangent to Dy ,(z)) in (z,o(z))
for any = € J.

2. Linear differential equation of order 1

Definition 2.1. A linear differential equation of order 1 is a differiential equation
of the form

(L1) y =ay+0,

where a: I — R and b: I — R are two functions (which we assume to be continu-
ous). The homogenous associated equation is

(HL1) Yy = ay.

To solve (L1), we proceed in three steps:
(1) We solve find the general form of solutions of the homogeneous equation
(HL1).
(2) We find a specific solution of (L1) using the so-called “variation of con-
stant” method.
(3) We sum up and give the general form of the solutions of (L1).

2.1. Solving the homogeneous equation.

Proposition 2.2. Leta: I — R a continuous function and A: I — R a primitive
of a on I. Then the solution of (HL1) are the functions

©Ox: I —- R
t — Xexp(A(t)).
for X e R.

Remark 2.3. In particular, the set of solution is a vector space of dimension 1.

ProOOF. The function A being differentiable on I, ¢, is differentiable on I for
any A, and ¢\ = A’XexpoA = apy so that ¢, is indeed a solution of (HLI).

Conversely, if ¢ is a solution of (HL1), one has: ¢’ = ap. If ¢ = 0, the ¢ = ¢p.
Otherwise, let J be a maximal interval on which ¢ does not vanish. For all z € J,
one has:

/
o'(x) o(2).
p(x)
Taking primitives, we obtain that there exists a constant C' € R, such that log |p(z)]
A(x) 4+ C for all z € J, so that for all x € J, p(z) = Aexp(A(x)) for some fixed A
in R. This implies in particular that ¢ does not vanish and therefore that I = J
and that ¢ = p,. O

Corollary 2.4. If a € R is a real constant, then the solutions of
(LC1H) Yy =ay
are the function (R > x — Aexp(ax)) for A € R.

That the non-trivial solutions of (L1) do not vanish will be widely used, we
won’t always recall it.
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2.2. Solutions of the original equation.

Proposition 2.5. Let ¢y be a solution of (L1), then ¢ is solution of (L1) if and
only if v — o is solution of (HL1).

PROOF. Suppose that ¢ is solution of (L1), then one has:

(¢ —w0)" = (ap +b) — (apo +b) = alp — ¢o),

so that ¢ — g is solution of (HL1).
Conversly, suppose that ¢ := ¢ — g is solution of (HL1), then

vo=(p—9) =ap+b—ap=apo+b
so that ¢ is solution of (L1). O

2.3. Variation of constant. The idea is to look for a solution ¢g of (L1) of
the form ¢¢ = f¢ with ¢ a non-trivial solution of (HL1) and f a differentiable
function (rather than a constant).

With ¢y = f¢, we can differentiate:

0o =fo' +fo=afo+ fe
= apo + f'e.

Hence g is a solution of (L1) if and only if f/ = g, that is if and only if f is a
primitive of bexpo(—A).

2.4. Cauchy problem.

Theorem 2.6. Let xg € I and yy € R, there exists a unique solution ¢: I — R of
(L1) such that o(xo) = yo-

Remark 2.7. The system consisting of (L1) with the condition y(zg) = x is called
a Cauchy problem.

PRrROOF. We have shown already that solutions of (L1) are of the form ¢ =
©o + AexpoA with ¢g a solution of (L1), A a real and A: I — R a primitive of a,

then we have p(xg) = yo if and only if A = %_ 0

2.5. An example. Consider the differential equation

2
(ExL1) y =Y 11
x
either on | — 00; 0] or ]0, +00[.
The solutions of the homogeneous differential equation are of the form

Ox: x> A2 for A e R.

Using previous notation, we get A: x +— 21n|z|. We then look for a primitive of

z 5 exp(—2In|z|) = 5. We can for instance take z — —2, so that z — —12% =

—z is a solution of (ExL1). Finally the solution of (ExL1) are the function of the
form

Tz M2 — for A € R.

2.6. Bernouilli’s and Ricatti’s differential equations. We’ll study two
kinds of differential equations which are not linear but can be “reduced” to linear
ones and therefor solved using the techniques we have seen in the previous sections.
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2.6.1. Bernoulli’s equation. Consider the differential equation
(B) y' = ay+ By"

where «, 3: I — R are two continuous function and n > 2 is an integer. Suppose
that ¢: J — R is a solution of (B) which does not vanish, then the function

P ﬁ satisfies:

¢’ ayp Be"
W =-n-1)t=—(n-1 () = —(n—1—(n—1)B.
( >s0” (n=1{ = o (n—1)1p—(n—1)
In other word, v is then solution of the differential equation
Y =—(n-1ay—(n—1)p,

which is linear of order 1.
2.6.2. Ricatti’s equation. Consider the differentiation equation

(R) Y=oy’ + By -+

where a, 8,v: I — R are continuous functions. Suppose that ¢ is a solution (R).
If ¢ is another solution of (R), then one has:

a(@® — @3) + Ble — wo)

a(p = ¢0)® + 20000 — 2005 + B — o)
alp = ¢0)* + (2apo + B) (9 — ¥o)-

In other words, ¥ = ¢ — g is solution of the differential equation
Y = ay® + (2ap0 + By

which is a Bernoulli’s equation which we can solve.

(o — 800)/

3. Linear differential equation of order 2
3.1. Cauchy problem. Consider the following differential equation:
(L2) vty tay=r

where p,q,7: I — R are continuous functions. The associated homogeneous differ-
ential equation is:

(HL2) y' +py +ay=0
Definition 3.1. Let xg € I and yo,y1 € R. A solution to the Cauchy problem
y'+py +ay=r,

9) y(zo) = Yo,
y'(z0)) = 11

is a maximal solution ¢: J — R of (L2) such that zo € J, ¢(z9) = yo and
¢'(x0) = 1.
Theorem 3.2. Let xg € I, yo,y1 € R, there exists a unique solution to the Cauchy
problem (9).

The proof of this result will take a while and we will need to admit a small part
of the argument.
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3.2. Homogeneous equation and Wronskian.
Proposition 3.3. The set of solutions of (HL2) is a sub-vector space of RT.

PROOF. Let us denote S the set of solutions of (HL2). The zero function is
clearly solution of (HL2), so that S is not empty. Moreover, if f,g € Sand A, u € R,
the function Af + pg is clearly solution. This proved that S is a sub-vector space
of RY. O

Definition 3.4. Let p1,92: I — R be two solutions of (HL2). The Wronskian
associated with (1, p2) is the function:

W, I - R

e o) alt)
tH*%mw%@

Proposition 3.5. Let v1,¢2: I — R two solutions of (L2) and xg € I, then for
allx €1,

Worirale) =0 (= [ ) Wor (o)

0

Proor. The function W, ., is differentiable and for all = in I, one has:

W :det(SDl “p2)+det <<p1 <p2>
12 1 Ph o ey

= det ( ,"01 ,"02 >
—PpP1 —qp1 PP — qp2

= det ( 1 / P2 ,)
—DPY1 —DPPa

= 7pW<P17<P2 .

Hence, satisfy the differential equation

/

Yy =—-pby
which is homogeneous of degree 1. The result follows. O

Corollary 3.6. Let 1 and ¢q be two solutions of (HL2). One has the following
dichotomy:

o Either for allz € I, W, ,,(x) =0,

o Orforallxzel, Wy, o,(x) #0.

PRrOOF. This follows from the fact that non-zero solutions of homogeneous
linear differential equations do not vanish. ]

3.3. Fundamental system of solutions.

Definition 3.7. Two solutions @1, 2: I — R of (HL2) form a fundamental system
of solutions of (HL2). If there exists xo € I such that Wi,, ,,(x0) # 0 (and therefore
Wy 0o (z) # 0 for all z € T).

Proposition 3.8. Let (1, p2) a fundamental system of solutions of (HL2). Then
for any solution ¢: T — R of (HL2), there exist A1, Ao € R such that ¥ = A1 +
)\2@2.

PROOF. Let p: I — R be a solution of (HL2). For all z in I, there exists two
unique reals ¢;(z) and ¢y(x) such that

2 (50) = (35) + ot (565).
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In fact one has:

() = () ) (20).

so that ¢1,co: I — R are differentiable. Differentiating (10), we get:

/ / /
() = () e () oo () = (2)

However, since, ¢, @1 and ¢o are solutions of (HL2), one has ¢” = c1¢f + ca¢f.

This implies that
@' (e (2 0>
=c +c = .
<w”> ' <s0’1> ? (s@’z> (0

This, in turns, implies that ¢} and ¢} are identically 0 and finally that the function
c1 and ¢y are constant. Their values are the A1 and Ay whose existence was claimed
in the statement. O

Remark 3.9. This shows that the space of solution is at most of dimension 2. To
prove that it is indeed of dimension 2, we need to prove existence of a fundamental
system of solution.

We need to admit the following result:
Theorem 3.10 (Cauchy). There exist a non-trivial solution to (HLZ2)

Remark 3.11. In practice, we will always aim for an “obvious” (but non-trivial)
solution.

Lemma 3.12. Let ¢ a solution of (HL2) and \: I — R of class C? such that X' p?
is a mon-zero solution of

(11) y' +py=0
then Ay is a solution of (HL2) (in particular, ¢ is non-vanishing).

PrROOF. We compute:

)\/ 2
(M) =No+Ap' = Tio +A¢'
/\/ 2\/
(/\50)(2) _ >‘H§O+2>‘/§0,+/\Sﬁ” — ( :j ) Jr/\QO”
so that:
)\/ 2\/ )\/ 2
(A)® + p(Ap) + grp = (:Z) A"+ p o 4 A + aAp

=0+40.
(]

Remark 3.13. This gives a method to find another solution of (HL2) and therefore
a fundamental system of solution of (HL2).

Example 3.14. Consider the equation
(12) y'——5=0

on ]0;+oo[. The function p: z +— 2 is an obvious solution. We now look for

another solution ¢ of the form Ap. For all 2 €]0; +oc], one has:
W) = (Voo £+ Ag)(x) = X (2)2 + 2A(2)a,
Y (x) = N (2)2? + 4o () + 2\(z),
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so that v is solution of (12) if and only if for all z €]0; +o0],

2A 2
N (2) + 4z X (z) + 2\(z) — & =0
x

that is, if and only if, for all z €]0; +o0|,

4\

() - X0 g,
x

in other word, if X’ is solution of

4

y — 2 =0
x

~1

323"
Finally we obtain that = — 22 and 2 — % (because we can multiply solutions by
a constant) are solutions to (12). One easily check that these form a fundamental
system of solutions (either by computing the Wronksian, or by noticing that these
two function are not co-linear). Hence we obtain that the general solution of (12)

are the functions

A solution of this differential equation is x > # Hence we can choose A : x +—

1
z— pz? 4 v— for p,v € R.
x
3.4. Solutions of the non-homogeneous equation.

Lemma 3.15. Let g be a solution of (L2), then ¢ is solution of (L2) if and only
if ¢ — o is solution of (HL2).

The proof is the same as that of Proposition 2.5.

As for the linear differential equation of order 1, there is a method to obtain
a solution of (L2) by varying the constants of the general solution of (HL2) (see
Proposition 3.8).

Proposition 3.16. Let (o1, ¢2) be a fundamental system of solutions of (HL2).
There exists two unique function c1,co: I — R such that

c1p1 +cape =0

1] + cah =1
These functions are continuous and for all xg € I, the function:

©o: I —- R
T = (f;ocl) ©1+ (f;ocz) P2

is a solution of (L2).

PROOF. The fact that these functions exist and are unique directly follows
from the fact that for all x € I the matrix

e1(x) w@)
M(z) :=
0= (2 7
is invertible. In fact, one has for all x € I:

() =2 ()

The function r as well as all functions defining M are continuous, so that ¢; and ¢
are themselves continuous. Let us fix 2g in I and denote C;: = — f;’; c; fori=1,2.
Finally define g = C1p1 + Caps. One has:
@y = c1p1 + c22 + Cr] + Cahy
= C1¢| + Caply
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and
@0 = c1¢) + oy + Crp] + Capy
=7+ C1¢] + Cah
so that:
@0 + Py + qpo =+ Ci(9] + po) + qe1) + Ca(@h + pes + qp2)-
And ¢ is indeed solution of (L2). O

4. Linear differential equation of order 2 with constant coefficients
Consider the following differential equation:
(L2C) ay’ +by +cy=f

where a,b,c € Rwith a # 0 and f: I — R are continuous functions. The associated
homogeneous differential equation is:

(HL2C) ay’ +by +cy=0
4.1. Solutions of the homogeneous equation.

Definition 4.1. The characteristic polynomial associated with (HL2C) is the poly-
nomial y = aX? + bX +c.

Lemma 4.2. If s € R is a root of x, then
p: x> exp(sx)
is a solution of (HL2C).
PROOF. One has ap” + by’ + cp = (as? + bs + c)p = 0. O
Lemma 4.3. If s € R is a double root of x, then
Y x— xexp(sx)
is a solution of (HL2C).

PROOF. If s is a double root of x’, then it is also a root of ¥’ = 2aX + b.
Keeping ¢: x — exp(sx), one has:

ay” + b)) + e = (as” +bs + c)v + (2as + b)p = 0.
U

Lemma 4.4. If r +iw are two complex conjugate root (r € R and w € R*) of ¥,
then
p1: x = exp(rz)cos(wz) and @g: x+— exp(re)sin(wz)
are solutions of (HL2C).
PrOOF. Looking at real and imaginary parts, one gets:
a(r* —w?) +br+c=0 and (—2wr—w)=0.
One has:
apy + by + cpr = (a(r® — w?) 4+ br + c)p1 + (—2wr — w)ps = 0

and One has:

aply 4 bl + cpa = (a(r? — w?) + br + ) + (2wr + w)p1 = 0.

From the previous lemma, we immediately deduce:
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Theorem 4.5. Define A = b? — 4ac.
(1) If A =0, denote s the double root of x, then
p: x> exp(sz) and Y: x+— zexp(sz)

form a fundamental system of solutions of (HL2C).
(2) If A > 0, denote s1 and sy the two real Toots of x, then

p1: x> exp(siz) and Y: x> exp(sax)

form a fundamental system of solutions of (HL2C).
(8) If A <0, denote r +iw the two complex conjugate roots of x, then

p1: & — exp(ra)cos(wz) and P: x— exp(rz)sin(wz).
form a fundamental system of solutions of (HL2C).

4.2. Solutions of the non-homogeneous equation. As for general linear
equation of order 2, we can apply the variation of constants method.

A variation of that works as well: If ¢ is a solution of (HL2C). One can look
for a solution of (L2C) of the form Apy with A: I — R of class C2. The function
X then satisfies a linear differential of order 1, so that one can find such a A and
from this a function A such that Agg is solution of (L2C).

If f is a polynomial function:

fr @ ppa”™ +- -+ prz+ po.
If ¢ # 0, one can find a solution pgof (L2C) of the form
Po: T qnx” + -+ 1T + qo-

by identifying the terms degree by degree (one should start with highest degree).
If ¢ =0, b+# 0 one can find a solution ¢ of (L2C) such that

©o: T gz + -+ QT+ qo.

by identifying the terms degree by degree (one should start with highest degree).
One obtains ¢ by finding a primitive of ¢}. If ¢ = 0, b # 0 one can find a solution
o of (L2C) such that

@0 T gua” 4+ @z + qo.

by identifying the terms degree by degree (one should start with highest degree).
One obtains ¢g by finding a primitive ¢}, of ¢ and a primitive of that ¢y.
If f is a product of an exponential and of a polynomial function:

[+ x— exp(mz) (pnl”n + 1™ iy +p0)
one can find a solution of (L2C) of the form
$o: x> exp(mz) (Qnu’U" +gno1z" T g + QO)
For finding the coefficients, one proceeds just as for polynomials.
5. Linear differential equation of higher order

For this section we fix n an integer greater than or equal to 3. Consider the
linear differential equation

(Ln) Y™ 4y ot pa1y +pay = f

with f: I — R and py,...,pn: I — R continuous functions. Consider also the
associated homogeneous equation

(HLn) Y™ + 1y 4 pa1y + pay = 0.

The result we have seen for orders 1 and 2 generalize. We will show the following
two results (admitting an important point, just like for order 2).
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Proposition 5.1. The set of solutions of (HLn) is a vector space of dimension n.

Remark 5.2. The fact that it is a vector space is obvious, the real content of the
statement is the dimension of that space.

Theorem 5.3. For all ¢ in I and all yo,...,yn—1 € R, there exists a unique
solution ¢ (Ln) such that ¥ (xq) =y, for all i € {0,...,n — 1},

5.1. Homogeneous equation.

Definition 5.4. Let ¢1,...,¢,: I — R be solutions of (HLn). The Wronskian
associated with 1, ..., ¢, is the function

Wervion: I — R

1(x) on(x)

Pi(x) o o)
z +— det : .

P V@) el V(@)

Proposition 5.5. Let ¢1,...,¢, be solutions of (HLn). We have the following
dichotomy:

o Either for allz € I, W, . ,.(x) =0,
o Orforallzel, Wy, . ., (x)#0.

Proor. The Wronskian is derivable because the function ¢1, ... ¢, are of class
C™ and one has for all x € I.

o1(z) onlz)
o (x ()
W;l’m% (x) = det : :
oM (@) o ()
e1(x) on(x)
B o1 (x) oy (x)
—pr(@)e" V@) . —pi(@)el ()

—D1Woi,.on ()

In other words, W, is solution of the differential equation

15:-5¥Pn
/
Yy = —ny.
We know that solutions of such equations are either identically 0 or do not vanish.

O

Definition 5.6. A fundamental system of solutions for (HLn) is an n-tuple (¢1, ..., ¢n)

of solutions of (HLn) such that W, . . does not vanish.

Proposition 5.7. If (p1,...,¢n) is a fundamental system of solutions of (HLn)
and ¢ is a solution of (HLn), there there exists c1,...c, in R such that

i=1
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ProOOF. The Wronskian is by hypothesis not 0 and differentiable since the
function ¢; are of class C™. Hence we obtain by inverting the matrices

ei(z) . en(2)
ei(@) . ()
P @) e (@)
the existence of differentiable functions ¢1,...¢,: I — R such that
2 2
¢’ n @5
. = Z C; .
: Py :
‘p(nfl) (pgnfl)

We will show that the functions ¢; are constant. One has:

/ /

® Pi %)
(2) n / n
® 901 Sai
B S IR B P
: i=1 (1) i=1 :
o™ ¢ P+

and therefore that

it
2
90(2) i Pi
. = Z (& .
i=1 :
(™ L‘Ol(ﬁ)_,_
This implies that
Pi 0
n i 0
> : =1
i=1 : :
n—1
" 0

and therefore that ¢, = 0 for all ¢ € {0,...,n — 1}, so that the functions ¢; are
constant as claimed. (]

Remark 5.8. This proves that the space of solutions of (HLn) is at most n. In
order to prove that the dimension is n, one only need to find a fundamental system
of solutions.

We admit the following result.
Proposition 5.9. All equation (HLn) admits a non-trivial solution ¢: I — R.

IDEA OF THE PROOF. One construct a space of function with an ad hoc metric
and a well-chosen operator ¥ such that:

e One can show that ¥ admits a fixed point different from the 0 function.
e The fixed point of this operator are solutions of (HLn). O
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SKETCH OF THE PROOF OF PROPOSITION 5.1. As said above, it is enough to
show that there exists a fundamental system of solutions of (HLn). We proceed by
induction and set for n > 1:

“Any linear differential equation of order n

Hn = admits a fundamental system of solutions.”

We have seen that H; is true. Let n > 2 such that H,,_; is true. Proposition 5.9
ensures that we can find a non-trivial solution to (HLn). Denote ¢ such a solution.
We now look for solutions of (HLn) of the form Ap with X of class C™. Writing what
it means, we obtain that )\ satisfies an homogeneous linear differential equation of

order n—1. We get a fundamental system of solutions (\j,..., A, _;) of that system
and taking primitives of this functions, we obtain solutions

(@, A1, A1)

and check that this is a fundamental system of solutions. O

5.2. Non-homogeneous equation. As before we have:

Lemma 5.10. Let g be a solution of (Ln), then ¢ is solution of (L2) if and only
if ¢ — @ is solution of (HLn).

The proof is the same as that of Proposition 2.5.

This says that in order to solve (Ln), it is enough to solve (HLn) and to find
one solution of (Ln). For finding such a solution, we use the same techniques as
for order 1 and 2.

Let (¢1,-..,%n) a fundamental system of solution of (HLn). Since the Wron-
skian associated with these solutions is non-vanishing, we obtain the existence of
C1,...,¢n: I — R such that for all x € I:

Y cil@)p(x) =0
Yiny ci(@)¢' (x) =0

i cil@)" (@) =0
Yiici(@)e" (@) = f(x)

The function ¢; are continuous because the Wronskian, the and f are continuous
and the function ¢; are of class C". Fix an z¢ € I and consider

¢=Zci¢i
i=1
where for ¢ € {0,...,n — 1},
Cii I —- R
x = f;ci
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One has:

W= cipi+ Y Cigh = Cig
i=1 i=1 i=1

Y= ici% + Zn: Cipi = Zn: Cipy
i=1 =1 =1

pn=D) = Xn:cmg"”) + zn: Cipi(n —1) = Xn:@%‘(” —-1)
i=1 i=1

=1

P =3 eV Y Cipiln—1) = f+ Y Cipi(n — 1)
i=1 i=1 i=1
and therefore U is a solution of (Ln).

6. Linear differential equation of order n with constant coefficients

Consider the linear differential equation

(LnC) any™ + an1y" Y 4 Fary +aoy = f.

with f: I — R a continuous function and ag,a; ..., a, € R with a,, # 0. Consider
also the associated homogeneous equation

(HLnC) any™ +ary" TV 4+ a1y + agy = 0.

As before, we define the characteristic polynomial to be
X:=ap X"+ -+ a1 X + ap.

Proposition 6.1. (1) If s € R is a root of x of order k, then

z— exp(sz), ..., x~ 2" Texp(sz)

are solutions of (HLnC).
(2) If r +iw are complex conjugates roots of x of order k, then the functions:

x — exp(rz) cos(wz), ..., x> 2 Lexp(rz)cos(wz)
z — exp(rz)sin(wz), ..., x> 2" Lexp(rz)sin(wz)
are solutions of (HLnC).

The proof is analogous to that of the case n = 2. One then construct a funda-
mental system of solutions of (HLnC) by taking all the solutions listed in Proposi-
tion 6.1 for the differents roots of .

In order to solve (LnC), we can of course use the variation of constants method
as well as the techniques explained for the cas n = 2 when f is a polynomial or the
production of an exponential and a polynomial.






CHAPTER 4

Improper integrals

1. Improper integral

In this section, I denotes an interval with non-empty interior and not necessarily
closed.

Definition 1.1. Let J be a subset of I and f: I — R a function. The function f
is locally integrable on J if it is integrable on all intervals [¢;d] C J.

Definition 1.2. (1) Let a < b two reals (b can be 4+00) such that [a;b[C T
and f: I — R locally integrable on [a;b[. If

exists, then one says that the improper integral of f from a to b converges

and one writes:
b b T
/f:/ f(t)dtzlim/ .
a a T—b a
r<b

If the limit does not exist (or is not finite), we says that the improper
integral of f from a to b diverges.

(2) Similarly, if @ < b are two reals (a can be —o0) such that ]a;b] C I and
f+ I — R locally integrable on ]a;b]. If

b
131/ /
rz>a VT

exists, then one says that the improper integral of f from a to b converges

and one writes:
b b b
= t)dt = lim/ .
=] m

If the limit does not exist (or is not finite), we says that the improper
integral of f from a to b diverges.

Definition 1.3. Let Ja;b[C I, ¢ €]a;b[ and f: I — R a function locally integrable

on Ja;b[. If both facf anf fcbf converge, one says that the improper integral of f
from a to b converges and one writes:

/abf(t)dt=/abf=/acf+/cbf-

Otherwise one says that the improper integral of f from a to b diverges.

Remark 1.4. e This last definition does not depend on the element ¢ cho-
sen in ]a; bl.

43
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e In what follows, we’ll see results about improper integrals for any of the
three notions of Definitions 1.2 and 1.3. Since the proof are always similar
in these different cases, we’ll only deal with one of the three case (the first
one).

Proposition 1.5. Let a in R and ¢ in |0;4+o00[. The function

f+ J0;4+00[ = R

1
t — =

(1) The improper integral of f from 0 to ¢ converges if and only if o < 1.
(2) The improper integral of f from ¢ to 400 converges if and only if a > 1.

PrROOF. If a # 1, a primitive of f is given by

-1
t—
(a — 1)ta—1
One has:
/Cf _ 1 L eg 400 ifa>1,
. (a—1Dzol  (a—1)c1 W ifa<1
and
— et (a— 1)zt 400 if a < 1.
Ifa= 1, a pr1m1t1ve of f is given by
t+— Int.
and one has:
/ In(c) — In(x) 29 b oo and / In(z) — In(c) "— X 4 oo O

Proposition 1.6. Let f and g are two functions locally integrable on [a;b] (resp.
la; b], resp. Ja;b[) such that both the integrals fbf and fbg converge. Then for all
A 1 € R, the improper integral f (Mf 4+ ng) converges and one has:

/(Af+ug A/ f+u/

PROOF. This is a direct consequence of the algebraic operations on limits. [

2. Convergence criteria for positive functions.

In this section, we will only consider Rx-valued functions. Using Proposi-
tion 1.6, one can translated all statements for R<g-valued functions. Bare in mind
however that in this case most inequality has to be changed.

Proposition 2.1. Let f: [a;b]— Rxq (resp. Ja;b] — R) locally integrable. Then
the improper integral fabf converges if and only if the function [a;b[> z — ff f
(resp. ]a; b] o f; f) is bounded.

PROOF. The proofs of both statements are analogous, we only prove the case

[a; b]. By positivity of Riemann integral, the function

©: [a;b[axw/xf

is increasing. Hence it is bounded if and only if it admits a finite limit in b if and
only if the improper integral f: f converges. (]
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Remark 2.2. In the previous proposition (as in many statements), b can be +00
in the first case, and a can be —oo in the second case.

Theorem 2.3. Let f,g: [a;b[— R (resp. Ja;b] — R, resp. Ja;b[— R) to locally
integrable function. Suppose that for all t in [a;b] (resp. ]a;b], resp. ]a;b[), 0 <
ft) < g(t). Then:
(1) If the improper integral f;g converges then so does f:f and f:f < fabg
(2) If the improper integral f: f diverges than so does f;g,
PROOF. The third case can be deduced from the two first. The two first cases

are analogous, we only prove the first one ([a, b]).
The second statement is the contrapostion of (first part of) the first one, so

that we only prove the first one. Let us suppose that the improper integral f; g
converges. By positivity of the integral, we have for all x € [a; b[:

/:fé/:gg/abg

This show that = — ff f is bounded so that the improper integral f: f converges

and that:
b b
/fS/ g- O

Proposition 2.4. Let a € R, then:

—Int
tu

(2) The improper integral f1+ 00

dt converges if and only if o < 1.

Int
tll

(1) The improper integral fol
dt converges if and only if a > 1.

Proor. We will deduce the second statement from the first one. Note that the
function
f: 10;1] - R
t o —ml)
is positive and continuous and therefore locally integrable.
Ifa<l,setg:= O‘%rl < 1. From Proposition 2.4, we obtain that the improper
integral fol tiﬁ converges. Since

log(— log(t)t#=%) =%,

we can find 1 <7 > 0, such that for all ¢ €]0, 7],
0 < log(—log(t)t?=*) < 1.
Hence for all ¢ €]0; 7], one has:

—Int 1 —a 1

The previous Proposition ensures that the improper integral fol —Int

t(l

If a > 1, for all t €]0, %], _tljft > t% Since the improper in‘iegral fol f—j diverges,
the previous proposition implies that the improper integral fo _tlftdt diverges.
The second statement is obtained from the first one by making the change of

variables u = }: for all z € [1;+00], one has:

1
“Int = In(g 'l
/ = dt:/ —n(")du_/ 29 .
1 to % u—ot2 % u2—o

% Int

tL!
fol ;;ﬁfdu converges, that is, if and only if 2 — a < 1 or, in other words, if and
only if o > 1. O

dt converges.

Hence the improper integral [ 1+ dt converges if and only if the improper integral
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3. Absolute convergence

Proposition 3.1. Let f: [a;b[— R (resp. |a;b], resp. Ja;b]) be a locally integrable
function. Suppose that the improper integral f; |f| converges, then the improper

/abf </ab|f~

PROOF. As usual, we only prove the case f: [a;b[— R. We use the decompo-
sition f = fi — f_, with the usual notations. So that we also have |f| = f + f_.
We know that fi and f_ are positive and locally integrable. Moreover, since

integral f: f converges and:

f+ <|fl, /= <|f] and the improper integeral f; | f] converges, we deduce that the

improper integrals fj f+ and f; f— converge. And therefore that the integral f; f
converge. O

Definition 3.2. If f: [a;b]— R (resp. ]a;b], resp. |a;b]) be a locally integrable
function such that the improper integral f; |f| converges, one says that the im-

proper integral f; f converges absolutely.

Remark 3.3. (1) The proposition says that that if an improper integral ab-
solutely converges then it converges.
(2) As we shall see the concept of absolute convergence is better-behaved than
that of convergence.

4. Integration and equivalence

Before going back to improper integrals, we’ll make a small detour with the
notion of equivalence. Which is a weaker tool than the small o and big O notations
but still quite useful. However you are advised to deal with small o and big O
notation wich are better-behaved with by aspects.

Definition 4.1. Let I be an interval, bin I (b can be an end of I) and f,g: I\{b} —
R. The function f is equivalent to g in the neighborhood of b if there exists n > 0
and w: I\ {b} N [b—n;b+ n] such that:

(1) w(z) “2$ 1 and

(2) forall z in T\ {b}N[b—n;b+n], f(x) = w(x)g(x).

One write f ~yp g or f(x) w3P g(z).
Remark 4.2. The previous definition can be adapted for b = 400, just like for
small o and big O notations.
Proposition 4.3. ~y is an equivalence relation.

ProOF. Reflexivity: For all f, f ~; f because one can take n =1 and w = 1.

Symmetry: Let f,g: I\ {b} = R with f ~; g and n and w as in the definition
of ~y. Since w(x) = 1, there exists ' such that if z € I\ {b} N[z —nz+7n] N
[z — 71524+ n'[,w(x) > 0. Define " = min(n,n") > 0 and

w’: IN{b}Np—7";0+7"] — R
T

For all  in I\ {b} N[b— n;b+ 7], one has f(x) = w(x)g(z). And, of course,
w” (z) z2b 1 =1, so that g ~ f.

Transitivity: Suppose f ~p g and g ~3 h. Let us pick n,n’ > 0 and w: I\ {b}N
[b—n;b+n] = Rand w': I\{b}N[b—n";b+n'] = R such that f = wg and g = w’'h.
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Setting 7" = min(n,n’) and w” = ww’ one has f = w”h on I\ {b}N[b—n";0+1n"],

z—b

and w”’(z) == 1-1=1, so that f ~ h. O
Example 4.4.
r+2°r = 0xx— 0x+ 522
Remark 4.5. (1) One has f ~y g if and only if f(z) — g(x) v=2 o(f(x)).
(2) If g does not vanish in a neighborhood of b, then f ~j if and only if
) 220,
g(x

Proposition 4.6. Let f,g: [a;b[— R (resp. Ja;b] — R) locally integrable such

z—b

that the improper integrable f;f converges absolutely, if g(x) "=" o(f(x)) (resp.

r—a

g(x) "="0o(f(x))), then ffg is converges absolutely.

PrROOF. We only deal with the case [a;b], the other case is similar. Since
g(x) = o(f(xz)). There exists 7 > 0 such that for all z in [b — n;b], |g(x)] <
|f(z)|. Since the improper integral fbb_n | f| converges, the improper integral fb—n lg]
converges and therefor the improper integral fab g absolutely converges. O
Proposition 4.7. Let f,g: [a;b[— R (resp. Ja;b] — R) be two locally integrable
functions, such that f ~y, g. Then the improper integral f;f converges absolutely

if and only if the improper integral fabg converges absolutely.

PROOF. Suppose that f; f converges absolutely. Since g(x)— f(z) = o(f(x)),
the improper integral f:(g— f) converges absolutely. Moreover, |g| = |f+(9— f)] <

+|g— f|, so that the improper integral Y 14| converges and finally [° g converges
g prop g o9 g yJ. 9 g
absolutely. O






CHAPTER 5

Numerical series

1. Definitions and first properties

Definition 1.1. Let £ = R,C,R% or C?. A sequence (x,)nen € EN converges to
¢ € F if for any € > 0, there exists M, € R such that for all n € N, if n > M.,
|z, — €] < €, where | - | stands for absolute value if E = R, complex modulus if
E =C or a norm if E = R? or C%.

Definition 1.2. Let z := (x,)nen be a sequence and define the sequence S :=
(Sn)nen to be that of partial sums of (2, )nen by:

n
Sn: E Tl
k=0

If the sequence S converges, one says that the series associated with x converges
and in that case the limit of S is denoted

[ee]
>
k=0
and called the sum of the series associated with (x,,)nen. If the sequence S diverges,

one says that the series associated with x diverges.

Remark 1.3. If the indices of the sequence x start at 1 or 2 (or even someghing
else), we adapt the definition consequently.

Example 1.4. Let g € C. The series associated with (¢"),en converges if and only
if |[¢| < 1, and if |g| < 1, one has:

> 1
k—i

Proposition 1.5. Let (2,)nen and (Yn)nen be two sequences in EN with E =
R,C,R% or C*. Let A\ and p be two scalars (elements of R if E = R or R?,
elements of C if E = C or C%). Suppose that the series associated with (T, )nen
and (Yn)nen converge. Then the series associated with (Axy, + pyn)nen converges

and one has: - - -
Z)\wn'*',wyn = )\an-FMZyn
n=0 n=0 n=0

PRrROOF. This is a direct consequence of algebraic operations on limits of se-
quences. O

Proposition 1.6 (Cauchy criterion for series). Let (z,)nen be a sequence. The
series associated with (T, )nen converges if and only if for any € > 0, there exists
N, € R such that if N. < p < q are two integers, then

q
Z Tl S €.
k=p

49
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PRrROOF. This is the Cauchy criterion for the sequence of partial sums of (2, )nen-
O

Looking at the previous proposition for ¢ = p, one immediately obtains:

Corollary 1.7. If the series associated with a sequence (Ty)nen converges then the
sequence sequence (Tn)nen converges to 0.

Remark 1.8. The convergence of the series associated with a sequence (z,,)nen
does not depend on the first terms of (x,,),ecn however its sum does depend on its
first terms.

2. Non-negative series

2.1. Comparisons. In this section we will consider series associated with se-
quences with value in R>q called non-negative sequences

Proposition 2.1. Let (x,)nen be a non-negative sequence, then its associated se-
ries converges if and only if the sequence of its partial sums is bounded

PROOF. Since (z,,)nen is non-negative its sequence of partial sum is increasing.
Hence it converges if and only if it is bounded. O

Proposition 2.2. Let (zp)nen and (yn)nen be two non-negative sequences such
that for all n in N, x, < y,, then:
(1) If the series associated with (x,)nen diverges, then so does that associated

with (yn)n€N~
(2) If the series associated with (yy,)nen converges, then so does that associated

with (zp)nen and:
+oo +oo
PRETED BT
n=0 n=0

PROOF. Since the sequences (z,)neny and (yn)nen are non-negative, the se-
quences of their partial sums (denoted (X, )nen and (Y}, )nen) are non-negative and
increasing. Therefore they converge if and only if they are bounded from above.
Moreover the inequality in the hypothesis implies that for all n in N, X, < Y.

Suppose that the series associated with (z,,),en diverges. This means that the
sequence (X, )nen is not bounded from above hence (Y;,)nen is not bounded from
above and therefore the series associated with (y,)nen diverges.

If on the other hand the series associated with (y,)nen converges. This means
that the sequence (Y, )nen converges and for all n in N one has:

n n —+o00
k=0 k=0 k=0

Hence the sequence (X,,)nen converges and its limit ZZZ) x, satisfies:

—+oo “+oo
DTS un
n=0 n=0

O

Corollary 2.3. Let (zp)nen and (yn)nen be two non-negative sequences such that
for all n big enough, y, > 0 and for which
lim 2=y
n—+00 Y,

for an £ € Rsg. Then the series associated with (Tn)nen converges if and only if
the series associated with (yn)nen converges.
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PROOF. The statement is symmetric in (2, )nen and (yn)nen (one only needs
to change ¢ in %) Hence it is enough to prove that if the series associated with
(zn)nen converges then so does that associated with (y,)nen-

Suppose then that the series associated with (x,)n,en converges. For n big
enough, y, < (/4+1)x,. However the series associated with ((¢+1)z,,),ecn converges,
hence so does that associated with (y,)nen. O

Remark 2.4. Be careful the previous statement does not give any kind of inequality
regarding the sums of the series.

2.2. Relation to integrals.

Theorem 2.5. Let f: [0;4+00[— Ryeqo be a locally integrable continuous function
with is decreasing on [no; 0 for a given ng in R>o. Then the series associated with

(f(n)nen converges if and only if the improper integral f0+°o f converges.

ProoF. Up to an eventual change of the first terms, we may suppose that f is
decreasing on [0; +o00[. For all k in N, one has:

k+1
£(k) z/k £ k1),

so that for all n in N, one has:
n+1

OB RN
SNCEN >

k=0

Hence if f0+oo f converges, then for all n in N,

n+1 n 400
> < / F4£0) < / +1(0)

and therefore the series associated with (f(n)),en converges.

Reciprocally, if the improper integral f0+°° f diverges, then lim,, fon f=
+00 so that the sequences of the partial sums of (2, )nen is not bounded and the
series diverges. O

Example 2.6. The series associated with ( converges if and only if a > 1.

1
nT)nEN*
Proposition 2.7. Let (z,,)nen be a series which is non-negative for n big enough.
Then:
(1) Iflim,, oo n®x, exists and is finite for an o > 1, then the series associated
with (Tn)nen converges.
(2) If im,, o n“x, exists and is not equal to 0 for an « < 1, then the series
associated with (x,)nen diverges.

ProOOF. This is a direct consequence of Example 2.6 and Corollary 2.3. (|
2.3. Convergence criteria.

Proposition 2.8. Let (z,)nen be a non-negative sequence. If lim,coo /2y =€ <
1, then the series associated with (x,)nen converges.

PROOF. For n big enough, one has:

+1
Yy < % <1

so that x,, < (“?1)” We already know that the series associated with ((%)")
neN

converges, so that the the series associated with (z,,)nen converges. U
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Remark 2.9. With the same setup but with ¢ > 1, we can argue similarly and
conclude that the series associated with (z,)nen diverges. If (/Z,)nen converges
to 1 from above, then the sequence (z,),en does not converge to 0, so that the
series associated with (z,),en diverges. If it converges to 1 from below, we cannot
conclude.

Proposition 2.10 (d’Alembert criterion). Let (2,)nen @ non-negative sequence
with such that for n big enough x, # 0. If lim,— 40 wl—:l =/{ < 1, then the series
associated with (x,)nen converges.

PROOF. There exists an integer ng such that for all n > ng, % < “‘Tl. Hence

for all n > ng, -
/ 1 n—ng
Ty < (;) xg.

We already know that the series associated with ((”fl)n_n0 $0> converges from

2
neN

which we conclude. (]
Remark 2.11. With the same setup but with ¢ > 1, we can argue similarly and
conclude that the series associated with (x,)nen diverges. If (%)%N converges
to 1 from above, then the sequence (z,)nen is increasing (for n big enough) so that
it can not converge to 0. Hence the series associated with (z,)nen diverges. If it
converges to 1 from below, we cannot conclude.

Example 2.12. The series associated with (Z})
n € N, one has:

Upt1 (4 1)! n" B ( 1>_n n-rg0 1

nen COnverges. Indeed, for all

Up nl (n+1)n

2.4. Absolute convergeance of series. In this section, £ = R, C,R? or C?
and K=R or C.

Definition 2.13. Let (x,),en be a sequence in EN. The series associated with
(Zn)nen converges absolutely if the series associated with (|z,|)nen-

Proposition 2.14. Let (x,)nen be a sequence EN. If the series associated with
(zn)nen converges absolutely, then it converges.

PROOF. We use Cauchy’s criterion. Suppose that the series associated with
(|zn])nen converges. Let € > 0, there exists ng, such that for all ¢ > p > ny,

q q

Z|xk| = Z lzk]| <e.

k=p k=p

From the triangular inequality, we get that for all ¢ > p > ng,

q q
Domk| <Dl <
k=p k=p

so that the series associated with (z,,),en satisfies Cauchy criterion and therefore
converges. O

Proposition 2.15. Let (,)nen and (yn)nen be two sequences in EY whose asso-
ciated series converge absolutely, then for any scalars A and u, the series associated
with (Azy, 4+ (Yn)nen-

PRrROOF. This follows directly from the fact that [Ax 4+ uy| < |Al|z| + |p||y| for
any z,y in E. U
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Remark 2.16. Since the series associated with the zero sequence converges abso-

lutely, we obtain that the set of sequences whose series converges absolutely is a
sub-vector space of EV.

Definition 2.17. Let (2,)nen and (¥, )nen be two sequences in KN. The Cauchy
product of these two sequences is the sequence (z,)nen defined for all n € N by:

n
Zn = E TiYn—i = E ZiYj-
=0

1+J=n

Theorem 2.18. Let (2, )nen and (yn)nen be two sequences in KN whose associated
series converge absolutely. Denote (zp)nen the Cauchy product of (xy)nen and
(Yn)nen- The series associated with (zp)nen converges absolutely and:

S () (5)

PrOOF. We start by proving that the series associated with (2, )nen converges
absolutely by bounding from above the partial sums. For n € N, one has:

ikk\ = i Z TilYj

k=0 k=0 |i+j=k
n
S il
k=0 i+j=Fk
n n
S il
i=0 j=0
n n
g( m) Sl
i=0 =0
—+o0 “+oo
g( m) Sl
i=0 =0

Hence the sequence of partial sums of the (|zx|)ken is bounded and therefore the
series associated with (zj)ren converges absolutely.
We know wish to prove that

2 () (5)
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To that end we compute for n € N:

i+j<n i=0

.
i M:
[e]

n
> i
=0

n
= E ZiYj
i+ji>n
0<i,j<n

n
< E |25y

i+j>n

0<i,j<n

n

< E |z:y;]

n<i+j<2n
2n

< D |l

k=n-+1

Since the series associated with (]z|)ken converges absolutely, the sequence (Zi’;n IRE |>
neN

converges to 0. Hence, so does the sequence (a,)nen. However, from its very defi-
nition, we also know that it converges to

e (5 ()

Hence
+oo +oo +oo
£ (54 (£9)
k=0 k=0 k=0
g

Definition 2.19. Let (z,)nen be a sequence. A sequence (y,)nen 18 a rearrange-
ment of (z,)nen if there exists a bijection o: N — N such that for all n in N,

Yn = To(n)-

In other words (Y, )nen is a rearrangement of (z,,)nen if is obtained by reorder-
ing the terms of (z,)nen.

Proposition 2.20. Let (2, )nen be a sequence in EN and (y,)nen a rearrangement
of (xn)nen. If the series associated with (z,,)nen converges absolutely, then so does
the series associated with (yn)nen and

—+oo —+oo
n=0 n=0

PROOF. Let us denote o: N — N a bijection of N such that y, = x,(,). Note
that such a bijection is not necessarily unique (it is not as soon as some terms in
(Zn)nen repeat).

We start with showing that the series associated with (y,)nen converges: Let
n € N and set m,, = max{c(i)|0 < i < n}. One has:

Mn +oo
9,
=0

n m
STl = Nrom| <D al <3 ekl <>
k=0 k=0 k=0 k=0 k



2. NON-NEGATIVE SERIES 55

so that the sequence of partial sums of (|yx|)ken is bounded and therefore the series
associated with (yx)ren converges absolutely.

Let us now prove the identity. Let n € N and, as before, set m,, = max{o(:)|0 <
i < n}. Note that m,, > n.

n mMn
PTEDS
k=0 k=0
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