
1. Motivation:

DF=g (1) If solution exists key

(2) How large is the solution space, given 9,
initial condition

ppty3
(3) What pptydoes your soles share?

Elliptic
How is Elliptic Regularity (ER) are going to

be used?
operator

1. In Morse homology:
u(p,9)
MCP.9) =5 trajectories

offlow from p to 93

= Ssoln of Morse eqn:2 +of (0) =0 3
soln of Floor equ. (Fillipo)

M(p.9)

3M(p.93/R:95x+>4++(X)]-This
defies a cpt(Gromoe)mfd +m

Also it's fin-dimensional (Transversality condition
How to intrepretM(P.9)as a -dine
Anthony, Paula



In proving GCT:(AD. Prop 6.6.2) WFP-Sin => Contsole => smooth

Rellich Elliptic sold

908,9,-topology. coincidethe ↳mna Regularity
Differential

To prove transversality.See Floor map extends to a Fredholm operator

Elliptic Operator. 63(D) =

(Non-example) DZ-e1-dim wave equation. Duct,x) = 0

uct,x) =F(+- x) +G(++x). F.Gare arbitrary function.

I can be as bad as possible& Large solution space

Example) D=+E1-dim heatequation Dust, x) =0

1.Uco,ysdy ust.x) is very regularu(t,X) =S function.

↑



Functional Analysis Preparation.

A good notion ofRegularity (Smorthness. Oscillation)

Exponent p: How spread the fatis (LP-norm) 11. Ils.p
RegularityS:How sensitive II.Isp is to oscillation

Sparameter ↑Functions thatdoes notfluctuate too much 11.1sp -C
m
- S=0.

↓ · Ws.P Wo,p =(p
1.2 (n
C

WS.P large amplitude
ssmall amplitude3 S 3slow decaying fastdecaying

Mul
* 1-

- -

Yes 2.M 1

A Yp-parameter

M1p2(qu
t
- 1
P =0

Fix p=2 for mostofthe time.



Recall Fourier transf:f(3): =(2π)-1/2),ei<4.3) f(x)dX
=5 fG(Y) =

(H +5Rf GLC/RY)3 Soboler

Wp.z: =Hp(R") =5 f C((R"):(11151)** ((((RY)3 space
RC/N
= 5 7 C((RY):SIDfF+IfR<C UD diff RelR

This is a Hilbertspace; operator oforder<4}
<f.9>k =f35)(+11311)*d3

RmK:D
C
=

·2*a
R

2 =(6,... (n) e/N I =f
-
s
-

↓ 5f =3F
15(3) =3,.... 3". f(3) 11f((z =11f12

S,u/D<f(x(ax= SpuIDCss1d3 =5132. 5.535d3
1R"

ES,p- (15/pd/7(3)/d3



pptyof Soboler spaces
(1) Hx((RY) < He((RY) k>120(1 +1131) > (1 +1311)2

(23 & HRCRY) =in HRDRY)::SCRY) Schwartz space:

V-R

COCRY) < SCRY) C FRCRR") dense is HR

(3) There isa perfect palling HR xH-p
-> K

Su.F =Y.E =STC1+131)
*5(1+131)*d3

isparticular (HR)
*

=H-k

14) RellichLemma U bod open subsetof 14. Letp>n They
cont every

WHU; (RM)< CQUiRM) ept embedding



Rank:Extend the idea to cptmfd. Need suff regular patching.

<Good presentation)

Soboler sections of vector bundles extending ICE)
FACT:D:EFa diff operator oforder m. this extends to

Ds:HSCE) -> H5mCF)
Us continuously

Principal symbol:D.E ->F cZmA(x)ORARCN
Hom(EX,Fx)

Define PS: GB(D):=im] AP(x33C:Ex ->Fx
1) =m=2

id - 115112

6CD) -I((0MTX) @HONSE, FC)
③

DefCElliptic operator) D is elliptic ifGBCD) is invertible map.
V5x T*X1503



Recall examples.Tx(X
=

(R2) =(R2 (t, X)x(5,.32)
=3CR2

D - 63(D) =(34
-3

( NOT

3-3% for5=3270 Elliptic
JBCDnotinvertible

D=2 65(D) =(1512115,2). non-invertible => 3 =0
(5) -cD] (9,)

F(E) =UX(u)
Elliptic

Tx-TX

7 / ↓ I

xX u



Thm IElliptic Regularity] EliD

1.PEs -> ICF) an elliptic operator
f

N0T+high
(0)PflutC => f(u-c so much reg

Soln

a bounded Fredholm operator
(1) Ds:HsCE) ->Hs-m(F) (dimker. dimCoker cas)

indDs =dimker-dim coker is indep ofS
·Cs 11 f11s+m +1/pf11stm

(2) (1 f 11s <(illf 11sm +llDf 11s-m)

Two norm 1.11s. and 11.11sm+ND.11s-m equivalent

pf =0 Elliptic bootstrapping
on Hs

11 f 11smccs => 1f11, <0 =1 f 11stm<0
....



Pf:(ideal One can constructan "inverse"ofD:<parametrixs P

PD =id +k, BP =id +k2

p.(- 00: P is a - local

suppp C B(v) -> PCB(r() xB(r+2)

Fredholm ifK1. Kn are aptthee. D. P are Fredholm

operator

indexinvariance

Hsmp]
*S* CHSE)

*KeDSEkeD

↓( C ↓ " 2 Ker(D*)s =ke)
1/ 1)

Hm
-

S(F) ()s, H
-SE) LCoker DJs

=CokenD
Im (d) Imid*Hodge decomposition ICE) =Ker()0Im"(0)



Importantmessage:Cauchy-Riem operator is

Elliptic.B

f(x+ iy)=f(z) =u(x,y) +y(x,y)
Ref Im f

↓C.R.
ux =Vy

Uxx =- Uyy I (2+zyu. =
0=>

Uy = - Vx vxx =-Vyy v

E =stic i by]

d5u =(zs +J(n))


