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0. Introduction

Classical braid group can be defined as the fundamental group of
configuration space or as the mapping class group of a disc with n
punctures. Being a natural object, braids admit generalizations in
various directions. Also there are special types of braids defined
among all braids by specific properties.



1. Configuration spaces

1. Configuration spaces and braids on manifolds

To fix notations let us make the following definitions.
Let M be a topological manifold. Symmetric group X, acts on the
Cartesian power M" of M by the standard formula

W(y17 ---7}/n) = (yw(1)7 "'7yw(n))7 wE X (1)



We denote by F(M, n) the space of n-tuples of pairwise different
points in M:

F(M,n) ={(p1;....,pn) € M" : p; # pj for i # j}.

It is called sometimes as ordered configuration space of n points on
M.



The orbit space of this action B(M, n) = F(M, n)/%, is the
(unordered) configuration space of n points on M. The braid group
of the manifold M Br,(M) is the fundamental group of
configuration space

Br,(M) = m1(B(M, n)).



The fundamental group of the ordered configuration space is called
the pure (or colored) braid group of the manifold M

Po(M) = w1 (F(M, n)).



The free action of X, on F(M, n) and the projection
p:F(M,n)— F(M,n)/X, = B(M,n)

defines a covering. The initial segment of the long exact sequence
of this covering is as follows:

1— P, (M) Bry(M) — £, — 1. (2)



The canonical example is M = R?, so F(R?, n) and B(R?, n) are
the configuration spaces (ordered and unordered) of n points on a
plane.



2. Artin presentation for braid group

Artin presentation of the braid group Br, has generators o,
i=1,....,n—1 and relations:

o0 = 0j0j, if ‘I'—j|>1,

0i0i+10; = 0410041



3. Presentaion of the pure braid group of a disc

Define the elements a; j, 1 < i < j < n, of Br, by:

JRR— , 2 _—1 -1
djj =0j-1.--0j4+10; Ui+1""7j—1'



Geometrically generator of this type is depicted as follows
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Figure: Generator aj j



They satisfy the Burau relations:

aj jak,| = ak,3ij for i <j< k<l and i < k </ <J,
aj jai kdj k = aj kdj kdij for i < j <k,
aj kdj kdjj = aj ki jdj k for i <Jj <k,
a,-7kaj7kaj7,aj_7,} = aj7kaj7,aj_’,}a;,k for i <j< k<l
(3)

W. Burau proved that this gives a presentation of the pure braid
group P,.
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4. Homotopy braids
4.1 Definitions

Two geometric braids with the same endpoints are called
homotopic if one can be deformed to the other by simultaneous
homotopies of the braid strings in D? x | which fix the endpoints,
so that different strings do not intersect.



E. Artin asked the question that if the notion of isotopic and
homotopic of braids are the same. The question remained open
until 1974, when D. Goldsmith gave an example of a braid which is
not trivial in the isotopic sense, but is homotopic to the trivial braid.






This braid is expressed in the canonical generators of the classical
braid group in the following form:

-1 -2 -2 2 2 -2 2 2 -1
0, 0,°0 ‘050710, ‘010507 .
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4.2, Reduced free group

Let F, = F(x1,...,xpn) be a free group on generators xi, ..., X,.
Consider a subgroup generated by the commutators

1 1

—1 -1 1. -
8X18 X1, ..., 8Xn8 X,

where g is an arbitrary element of F(xy,...,x,). It is a normal
subgroup of F(xy,...,x,); let us denote it by N. The quotient
group K, = F(x1,...,xn)/N is called the reduced free group. It
was introduced by J.Milnor and studied by Habegger & Lin,
F.Cohen and F.Cohen & Jie Wu.



Theorem (Habegger and Lin)
K, is a finitely generated nilpotent group of class < n.



Let a; j be the standard (Burau) generators of the pure braid group.
The homotopy braid group B, is the quotient of the braid group B,
by the relations

[a,-k,afk] =1, where g € (aik, a2, ---,ak-1,k),1 < i<k <n.



The quotient of the pure braid group P, by the same relations gives
the pure homotopy braid group P, and from the standard short
exact sequence for B, we have the following short exact sequence

1— Py —> By — 5, —> 1,

for B,, where S, is the symmetric group.



Group ﬁ,, has a decomposition IS,, = U,, PN IS,,_l, where U,, is the
quotient of the free group U, = (ain,a2n,...,an—1,n) of rank n —1
by the relations

[ain, 5] = 1, where g € Up, 1 <i <k <n,



Note, that U,, is isomorphic to K,_1. In particular, Ug is isomorphic
to the infinite cyclic group and Us is the quotient of
Us = (ai13, a23) by the relations

-1 -1
d13 * dy3 d134d23 = dp3 413423 - 413,

-1 -1
a3 - @y3 23413 = ay3 323313 - A23-



Homotopy braids

F.Cohen & Jie Wu proved that the canonical Artin monomorphism
v, B, — Aut F,

generates a homomorphism
Up: én — Aut K,,.

The homomorphism 7, is a monomorphism.



Homotopy braids

Proposition
The monomorphism ©,, solves the word problem in B,



Since K, is a finitely generated nilpotent group of class < n then
from result of A.l.Mal'cev follows that the word problem is
decidable in K,,. From the fact that B, is a finite extension of IS,,
follows that the word problem is decidable in B,.



Homotopy braids

4.3. Linearity

Existence

Recall that a group G is called linear if it has a faithful
representation into the general linear group GLp,(k) for some m
and a field k.



Theorem

The homotopy braid group B, is linear for all n > 2. Moreover, for
every n > 2 there is a natural m such that there exists a faithful
representation B, — GL,(Z)



Proof. The reduced free group K, n > 2 is nilpotent. Finitely
generated nilpotent groups are polycyclic and hence they are
represented by integer matrices as was proved by L.Auslender and
R.G.Swan. Also the holomorph of every polycyclic group has a
faithful representation into GL,,(Z) for some m. Hence, holomorph
Hol(Kp,) has a faithful representation into GL,,(Z) for some m.
The holomorph of the reduced free group Hol(Kj,) contains
Aut(Kp) as a subgroup and B, is embedded into Aut(K,). O



It is interesting to find a faithful linear representation of B,
explicitly. One can try to factor through B,, the known
representations of B,,, for example, Burau representation.



4.4, Factorization of the Burau representation through B,

Let
pg : Bp — GL(W,)

be the Burau representation of B, where W, is a free
Z[t*]-module of rank n with the basis wy, wa, ..., w,.



Let n = 3. In this case the automorphisms pg(c;), i = 1,2, of
module W3 act by the rule

wy — (1 — t)wy + twy, Wy — Wy,
o1: 48 Wo > wy, o218 wy— (1 — t)wp + tws,

W3 —— W3, w3 —— W,

where we write for simplicity o; instead of pg(o;).



Let us find the action of the generators of P; on the module Wjs.
Recall, that P3 = U, X\ Us, where U, is the infinite cyclic group

with the generator a;p = a%, Us is the free group of rank 2 with
the free generators

2 _—1 2
ai3 = 0'20'10'2 y a3 = 0sp.



These elements define the following automorphisms of W3
wp — (L=t + t2)wy + t(L — t)wy,

ai : woy — (1 - t)Wl + twy, (4)
w3 — W3,



wy — (1=t + t2)wy + t(1 — t)ws,
aiz: wy — (1 — t)2W1 +w —(1-— t)2W3, (5)
w3 — (1 — t)wy + tws,



Wy — wiy,
as:iq wor— (L—t+ t2)we + t(1 — t)ws, (6)
w3 — (1 — t)ws + tws,



Wi —— wi,
ayg 1 wor— t7iwn + (1 — t 7Y ws, (7)
wi— tH 1=t Hwo + (L — t71 + t72)ms.



Let us denote by pg the representation
B - By — GL(W,)

which is the factorization of pg through B,.



Proposition
The factorization of the representation pg on Ps is trivial. Hence,
the image pg(B3) is isomorphic to the symmetric group Ss.



Proof. To get a representation of pg(B3) we must have the
following relations among the automorphisms a; ; (4)-(6) of Ws:

[a13,873°] = 1, [an3,255°] = 1,
which are equivalent to the relations

a. a. a a
a13aj3 = aj3 a13, a3axy = ars an3.



From the definitions the automorphisms (4)-(7) we obtain
wy — (1=t + t2)wy + t(1 — t)?wy + t2(1 — t)ws,

-1
dy3 4134823 - W —— Wo,
—1/1 _ =11 4\2
wz — t7H (1 — t)wyg — t7 (1 — t)°wo + tws.



wy — (2 — 4t + 412 =283 + tHwm +
(1 —t)?(—1—t2+ 3w+
t2(1 - t)(2 — t + t?)ws,

wo— (L= t)?(—t 1 4+2—t+t)m+

aizad [(1—t)*(t+t7Y) + Lot
t(1—t)* (=1 +t — t?)ws,

w3 — (L—t)(2—t+ 2w+
(1—t)’[-1+t — t]]wat

{ +t2(2 — 2t + t2)ws.




wp — (L=t +2t3 = 2t* + 9wy + t(1 — t)°wat
+t(1— t)(1 — 2t 4+ 5¢2 — 3> + t*)ws,
aPaz: wor— (1—t)°mwi +wo — (1 —t)?ws,
w3 — (L—t)(2—t+ 2wy — t 711 — t)°wat
+[(1 = )2(L + t — 22 + £3) + t2]ws.



In order to satisfy relation ajzaj3® = aj3*a13 the following system of
equations should have a solution

( 3t 44t — 43 +3t4 — t5 =0,
1—-t)3(-1—-t—t2+1t3) =0,
(1-1t)°=0,

L—t)(—t 14+ 1-t+1t?)=0,

L1—t)*1+2) =0,
1—t)2(1—t—|—t2—t3)—0
1—t)2( 1+t—t2+t71) =0,

4t2+8t3—5t4+t5 = 0.

1-
(
t
(
t—
(
(
1-

\



This system has a solution only if t = 1. In this case,
automorphisms app, ai3, ax3 are equal to the identity
automorphism. [J
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4.5. Torsion in é,,

V.Ya.Lin in Kourovka Notebook asked the following

Question
Is there a non-trivial epimorphisms of B,, onto a non-abelian group
without torsion?

An answer to this question was done by P. Linnell and T. Schick in
2007.



Homotopy braids

We conjecture that the group B,, n > 3, does not have torsion and
as there exists the epimorphism B, — By, then B, is a good
candidate for another solution of the Lin’s problem.

We shall prove that B3 does not have torsion.



Let 153, Ug, L73 be the images of P3, Uz, Uz by the canonical
epimorphism B3 — B3. Denote by bjj, 1 </ < j < 3 the images
of ajj, 1 <i < j < 3 by this epimorphism. Then Up = (b12) is the
infinite cyclic group and

Us = (bis, bys || [b1s, b2*] = [bas, B2] = 1) =

= (b3, bas || [b13, b13[b13, bo3]] = [b23, boz[b2s, b13]] = 1).



Using commutator identities or direct calculations we see that the
last two relations are equivalent to the following relation

[[b23, b13], b23] = [[b23, b13], b13] = 1.



Hence, Us is a free 2-step nilpotent group of rank 2 and so, every
element g € Us has a unique presentation of the form

g = bsbs[bas, bis]”

for some integers a, 3, 7.



The same way as in the case of classical braid group, Us is a

normal subgroup of 53 and the action of (72 is defined in the
following lemma.

Lemma N N
The action of U, on Us is given by the formulas

b b -
by = bia[bs, bis]*, by = bas[bas, bis] ¥,

[bo3, 1313][’f2 = [bo3, b13], ke Z.O



The action of the generators o1 and o5 of §3 on 53 is given in the
next lemma.

Lemma N
The following conjugation formulas hold in Bs

+1 -1
g o -1 o (<
by = bio, bJ} = bas[bos, b13] ™", b33 = bi3, b;3 = bos,

0_71 _ 0.—1 —
by} = bis[b3, bi3] !, [baz, bi3]”t = [boz, bus] Y,
et ool
bi’g = by3[bos, b13]_1, bioz, = bip, byj =bo3, b5 = b,

o

1 —1
b1 = bio[bos, b13] ", [bos, b13]72 " = [bo3, bas] ™. O



Let us denote by A3 = {e,01,02,0201,0102,010201} the set of
representatives of P3 in B;. Then every element in Bz can be
written in the form

f‘zbf‘%bg‘,’z‘s)\, where o, 8,7,0 € Z, z = [bo3, b13], X € As.
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Theorem
The group Bs does not have torsion.



Proof. The group 53 does not have torsion. Hence, if §3 has
elements of finite order, then they have the form

bbbz N, A e Ag\ {e}.



Every element which is conjugate with an element of finite order
has a finite order. Taking into account the following formulas

01_1-02'01 = bl_zlalazal, 0201-02'01_102_1 =071, 01_1-0102-01 = 09071,

it is sufficient to consider only two cases: A = 05 and A = o10.



Let A = 09, take g = bf‘zblﬁ3bg3z‘saz. Then we have

g = by by b e O )



If g2 =1, then a + 3 = 0 and we have

2 _ 1 2y+1 _2av+«
g% = by Tz,

Since 2y + 1 cannot be zero for integer ~, the elements of this form
cannot be of finite order.



Let A = g10o. Then we have

(0102)% = bipo201, (0102)° = biabizbos.



We calculate

g® = (bybib32°0105)° =

pOFBHYHL patB4y+1 patB4y+1 ja(a+2y—B)+62+7° —By+36+35
12 13 23 z :



If g3 = 1, then the following system of linear equations has a
solution over Z

a+pB+v+1=0,
ala+2y—B)+B%+~%—py+36+38=0.



From the first equation one gets: & = —1 — 3 — . Inserting this
equality into the second equation, we have

3(B2+28+48)+1=0.

However, this equation does not have integer solutions. [J
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5. Brunnian Braids
5.1. Operations d;

The operation d;: B,(M) — Bp,_1(M) is obtained by forgetting the
i-th strand.



Proposition
Let M be a surface. The operations

di: Bo(M) = Bp_1(M), 1<i<n,

satisfy the following identities:
1) didj = djdj41 for i > j;
2) di(BB') = di(B)d:.5(B)-



Corollary

The map d; is homomorphism when restricted to the pure braid
group P,(M).



5.2. Brunnian braids

Definition
A braid € B,(M) is called Brunnian if it is a solution of system of
n equations

(8)
dn(B) = 1.

The set of n-strand Brunnian braids is denoted by Brun,(M).



Brunnian Braids

Intuitively a Brunnian braid means a braid that becomes trivial after
removing any one of its strands.
If 3,5" € Brun,(M), then

di(BB') = di(B)dis(8) =1

for 1 < i < n and so the product 83’ € Brun,(M). Similar 371 is
Brunnian provided 3 is. Thus Brun,(M) is a subgroup of B,(M).



Lie algebras and braids

6. Lie algebras and braids

6.1. Lie algebras from descending central series of groups
For a group G the descending central series
G=M1>M>--- >0 >T>....
is defined by the formulae

=G, Tiq1 =[Gl



The descending central series of a discrete group G gives rise to the
associated graded Lie algebra (over Z) L(G)

Li(G) =Ti(G)/Ti+1(G).



Let K be a commutative ring with unit.

Definition. An algebra L over K is called a Lie algebra over K if
its multiplication (denoted by (x, y) — [x, y]) verifies identities:

(1) [x,x] =0

(2) [x,ly, z]] + [y, [z, x]] + [z, [x,y]] =0 for all x,y,z in L.



Lie algebra L¥(Brun,)

6.2. Presentation of the Lie algebra L(P;)

This presentation was given by Toshitake Kohno. It is the quotient
of the free Lie algebra L[A; ;|1 < i < j < n] generated by elements
Ajj with 1 < < j < n modulo the “infinitesimal braid relations" or
“horizontal 4T relations" given by the following three relations:

[Ai,j7As,t] = 07 if {Ia./} N {57 t} = QS’
[Aijs Aik + Ajl = 0, if i <j <k, )
[Aiks Aij+ Ajul =0, if 1 <j < k.

Where A; ; is the projection of the a;j to L(Pp).



Lie algebra L¥(Brun,)

6.3. Lie algebra LF(Brun,,)

We consider the restriction {I'q(P,) N Brun,} of the lower central
series of P, to Brun,. This gives a relative Lie algebra

oo

LP(Brun,) = ED(Fq(Pa) N Bruny,) /(T g41(Py) N Brun,),
qg=1

which is a two-sided Lie ideal of L(P,). The purpose is to study the
Lie algebra LP(Brun,).

This is a Lie subalgebra of L(P,), we call it the relative Lie algebra
associated with Brunnian subgroup of the pure braid group.



Lie algebra L¥(Brun,)

Proposition
LP (Bruny,) is a two-sided Lie ideal in L(P,).



Lie algebra L¥(Brun,)

6.4. Definition and properties of LF (Brun,,)

The removing-strand operation on braids induces an operation
dki L(Pn) — L(Pn_l)

formulated by

A,‘J if i <j<k
0 if k=

dk(A,'J) = A,'J_l if i<k <j (10)
0 if k=i

Ai—l,j—l if k<i < J.



Proposition

The relative Lie algebra LY (Bruny,) is the Lie subalgebra
Ny ker(d; : L(Pp) — L(Pn-1)).



6.5. Generators for the Lie algebra LF(Brun,,)

The following fact is a Lie algebra analogue of the theorem proved
by A. A. Markov for the pure braid group.

Proposition

The kernel of the homomorphism d,, : L(P,) — L(Pp—1) is a free
Lie algebra, generated by the free generators A; ,, for1 <i<n—1.

Ker(dp : L(Pp) — L(Pp_1)) = L[A1.p:- - -, An_1.n]-



For a set Z, let L[Z] denote the free Lie algebra freely generated by
Z. Let X and Y be non-empty sets with XNY =0, XUY = Z.
Let m be the Lie homomorphism

m: L[Z] — L[Y]

such that m(x) =0 for x € X and w(y) =y fory € Y.



Proposition
The kernel of w is a free Lie algebra, generated by the following
family of free generators:

<[ oyl vl (11)

forx e X,y; €Y for1<i<t.



Proposition

The intersection of the kernels of the homomorphisms d,, and d,
k # n, is a free Lie algebra, generated by the following infinite
family of free generators:

Ak,na [ te [Ak,nv Aj1,n]’ cee ?Ajm7n] (12)

for ji # k,n; ji<n—1,i<m; m>1:



Another set of free generators of Ker(d,) N Ker(dy) can be
obtained using Hall bases.



We suppose that all Lie monomials on By, ..., By are ordered
lexicographically.

Lie monomials By, ..., By are the standard monomials of degree 1.
If we have defined standard monomials of degrees 1,...,n—1,
then [u, v] is a standard monomial if both of the following
conditions hold:

(1) u and v are standard monomials and u > v.

(2) If u=[x,y] is the form of the standard monomial u, then
v>y.

Standard monomials form the Hall basis of a free Lie algebra (also
over Z).



Examples of standard monomials are the products of the type:

[' e [ij sz]’ Bj3]""’Bjt]? > <3< < (13)



Proposition

The intersection Ker(d,) N Ker(dy), k # n, is a free Lie algebra,
generated by the standard monomials on A; , where the letter Ay
has only one enter. In other words the free generators are standard
monomials which are products of monomials of type (13) where
only one such monomial contains one copy of Ay p.



We recursively define the sets K(n)k, 1 < k < n, in the reverse
order as follows:

1) Let IC(n),, = {AL,,,Az,,,, - aAn—l,n}'

2) Suppose that K(n)x41 (with k < n—1) is defined as a subset
of Lie monomials on the letters

At n, A2 n, . An—in
Let
A ={W € K(n)k+1 | W does not contain Ay , in its entries}.
3) Define
K(n)x = {W and [---[[W, W1], Wa], ..., W]}

for W' € lC(n)kH ~NAg and Wy, Wh, ..o, We € Ay with
t > 1. Note that K(n), is again a subset of Lie monomials on
letters A1 n, Ao, ... An—1,n-



Example
Let n = 3. The set K(3); is constructed by the following steps:

1) K(3)3 = {A13,A23}.

2) Ay ={A13},
’C(3)2 = {A273, [ .- [A273, A173], ... ,A173]}.
3) Ay ={Ax3},

IC(3)1 = {[ o [A273, A173], . ,A173], A273], . ,A273]}.



Theorem
The Lie algebra LY (Brun,) is a free Lie algebra generated by
K(n)1 as a set of free generators.



6.6. The Rank of L' (Brun,)

Observe that the Lie algebra L(P) is of finite type in the sense that
each homogeneous component Li(Pp,) is a free abelian group of
finite rank. Thus the subgroup

LY (Brun,) N L(P,)

is a free abelian group of finite rank. We give now a formula for the
rank of L' (Brun,)



Lie algebra L¥(Brun,)

Corollary
There is a formula

I
-

n

rank(Lq(Py)) = 0 (k) rank(Lg(Brunn_k))

>
Il

for each n and q.



Lie algebra L¥(Brun,)

Theorem
n—1 n
rank(L} (Brun,)) = > (~1) < k> rank(Lq(Po_k))
k=0

for each n and q, where P = 0 and, for m > 2,

rank(L Z Z u(d kq/d

9= dlq

with p the Mébis function.



Lie algebra L¥(Brun,)

Results about Lie algebra LF(Bruny,) are from a joint work with
Jingyan Li and Jie Wu.



