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In this sheet K is a field.
Problem 1. Let C a coalgebra and I C C' a vector subspace.
1. Show that the map
A:C/I - C/I®C,
z+1— Z(z(l) + 1) ®x(3)
()

is a well-defined counital coaction of the coalgebra C' on the quotient vector space C/I, iff I is a right
coideal.

Solution. Letm : C — C/I be the canonical projection. Consider the linear map f := (7 ® idg) o A: C' —
C/I® C. Thereis a unique map F' : C/I — C/I @ C with Fom = f,iff I C ker f. Now I C ker f is
equivalent to A(I) C ker(m ® id¢) = I ® C, i.e. I is a right coideal.

Since Aom = (71 ®id) o A we have F = A.

Now we have

A@ide)A(z+1) =Y A(zq) +1) @z
®)

=3 > (@w)a +D @ @u)e © z@)
(z) (z(1))

NN (2 + D @ (22)0) @ (22)2)

(z) (z(2))

= (za)+ 1) ® Az(z) = (ideys @ A)A(x + 1)
(2)

hence A is coassociative. Furthermore by

(dey; @ A +1) =Y (xqy+ ) @ e(xe) =x+1T
(z)

we see that A is counital. O

2. Show that the comultiplication and counit of C' define a coalgebra structure on the quotient vector space

C'/I by the induced maps, iff I is a two-sided coideal.

Solution. Consider the linear map (m @ w) o A : C — C/I ® C/I. There exists a linear map



with Agjpom = (m@m) oA, iff
ICker((r@nm)A) <= A(l)Cker(n@m)=IQC+C®I
Now consider the linear map ¢ : C' — K. There exists a linear map ecyr : C/I — K withec/rom = ¢, iff
ICker(e) <= €(I)=0

If the induced maps Ac); : C/1 — C/I ® C/I and ecyr : C/I — K exist, we see by similar calculations
as in the first question that they give the structure of a coalgebra on the quotient vector space C'/I. O

Problem 2. Let (C, A, €) be a coalgebra and z be an element of C.
1. Prove that for all n € N and all 4 in [1,n + 1], we have:

Z 1) @T2)® @ T(n) = Z T(1) ® -+ @ T(1-1) ® €(T(3)) @ T(i41) @+ * @ T(n41)
(x) (z)

Problem 3 (Frobenius' algebra). Let A be a finite dimensional K-algebra. Let  : A — K be a K-linear map,
we suppose that the composition 17 o y =: (-, -) is a non-degenerate? bilinear form (A is then called a Frobenius
algebra).

1. Prove that A is then naturally endowed with a co-algebra structure.

2. Prove Mat,, «,(K) is a Frobenius algebra.

3. If G is a finite group, prove that KG is a Frobenius algebra.

4. (A little more difficult) Prove that K[X, Y]/(X?,Y?2, XY) is not a Frobenius algebra.

Problem 4. Let C' := K[X] be the vector space of polynomials in one variable and let us consider the following
linear maps A(X™) = > XP @ X7and e(X™) = d,,0.

1. Show that (C, A, ¢€) is a counital coalgebra.

ptg=n

Solution. We only have to check equalities on the basis { X" },,en. Both (A®id)A(X™) and (id®@ A)A(X™)
are equal to

Z XP o X1e X"

p,q,7€EN
ptgtr=n
For the counitality (¢ ® id)A(X™) = S p_e(XF) @ X"7F = 1 ® X" = X". In the same way we see
(id®e)A(X™) = X™ O

2. We know that C, with the usual multiplication of polynomials, is an associative algebra. Is C' with the
comultiplication A a bialgebra?

Solution. We havee(1) = 1 and forn+m > 0: (X" - X™) =0 = €(X™) - ¢(X™), so € is a unital algebra
homomorphism. Since A(1) =1 ® 1, A is unital, but since

AX)=X’@1+ XX +1®X? and
AXIAX)=(X@1+10X)(X01+10X)=X?®1+2(X®X)+1® X?

the comultiplication is not a map of algebras, thus we do not have a bialgebra. O

1Georg Frobenius (1849 — 1917), was a german Mathematician.
%I mean here that for every x, there exists y such that (x, y) # Og



3. Define p(X? ® X9) := (p ; q> XP+4, Show that this defines an associative multiplication on C'. What

is the unit?
4. Show that C'is a bialgebra with the product ;2 and coproduct A.
Problem 5. Let C be a K-coalgebra. And let us denote by C* the dual of C.

1. (Re)-prove that C* is naturally endowed with a structure of algebra.

Solution. In this direction there is no problem even if C is not finite dimensional: If A and € where the co-
product and the co-unity, we define pic« and ne~ via:

pce: C*@C* — C*

«: K — C*
fg: ¢ — K e
®g — A=A
1&g { = Y [(@a)g(ze) ‘
One easily checks that (C*, uc+, nc+) is indeed an associative unital algebra. O

2. Let M be a comodule-C (I mean here a right C'-comodule), (re)-prove that M is naturally endowed with a
structure of C*-module.

Solution. By naturally, I meant here that there is a formula. Let m be an element of M and f an element of
C*, we define:
f=m=2 mg - fma) =Y f(ma) - m),
(m) (m)

where - denote the product of m by element of the ground field. Let us show that f — (g — m) is equal to
(fg) —m:

f=@g—=m)=f—~ Zg(m(n) - M)
(m)

=Y f = (9(ma)) - m))
(m)

=Y g(m) - (f = m))
(m)

= g(me) f(m))m)
(m)

= Z m oy f(m))g(m2))
(m)
and

(fg) =m= Z fa(mqy) - m
(m)

= Z f(m(l))g(m(z)) )
(m)

= Z m(o)f(m))g(mz))
(m)



One easily checks that 1« acts trivially on the M :

1—m= Z e(m(l))m(o)
(m)

=m.

3. From now on M will be a C*-module. Prove that there exists a natural embedding ¢ of M ® C in

Hom(C*, M).

Solution. We define v by the following formula:

t: M®C — Hom(C*, M)
{L(m®c): cr - M
fo= fle)-m

This is clearly an embedding. O

mxc

4. Prove that from C*-module structure of M, one can naturally define a map p :. A module such that
p(M) CtM ® C is called a rational module.

Solution. The map p is defined by:

p: M — Hom(C* M)
m { p(m): C* — M
fo= f-m

5. Prove that if the C*-module structure of M is obtained by the construction of question 2, then M is rational.

Solution. Let M be a comodule-C'. It is endowed via — with a structure of C*-module. Let m be an element
of m. Let us compute p(m):

p(m)(f)=f—m= Zf(mu)) ") = L(Z mo) ® m))(f)-
(m) (m)

This shows that p(m) is in the image of v. Since this is valid for all m, this shows that M is rational. O

6. Prove that if a C*-module M is rational, it can be naturally endowed with a comodule-C' structure.



Solution. [This was not so easy.] Of course p (almost) provides the structure of comodule-C': let THom (C*, M) —
M @ C be a linear left inverse to v, then we define Ay : M — M ® C' by A = 7 o p. The definition of Aps
can be sum up by the following formula:

WAy (m))(f) = f-m=>_mq)f(ma)) (1)
(m)

Let us first prove that defines a coaction on M. First the counity, we have to show that (idj; ®€)o Ay = Idyy.
the counity e is the 1 of the algebra C*, so that we have: € - m = m for allm in M. On the other hand, by (1),
we have: e -m =}, mo)€(m1)) so that:

Z M(O)G(M(l)) =m.
(m)

Let us now prove that (A ® ide) o Ay = (idyr ® Ag) o Apys. Let m be an element of m and f and g be
two elements of C*.

(idv @ f®g)o ((Am ®@ide) o Ap)(m) = (idy @ f) o (Am ® g) 0 Apr)(m)

= (idy ® f)(Z(AM(m(O))g(m(l))))
(™

= (idy ® f)(AM(Z(m(O))g(m(l))))
(m)

= (idar @ /) _(mo)) @ mayg(m(z))))
(m)

= (O (m@) ® f(ma))g(m))))
(m)
=(fg)-m
and
(idy @ f®@g) o ((idy ® Ac) o Apn)(m) = (idy @ fg) o Apr(m)
=(fg)-m

Iclaim that if v = (Apy ®ide) o Apr(m) — ((idar ® Ag) 0 Apr)(m) # 0, then it would exist f and g such
that (idy ® f ® g)(x) would be non zero. This contradicts the computations we just did. To prove the claim,
we suppose that x is non zero, so we might write v = Z” m; ; @ ¢; @ d; and suppose that the c; are linearly
independent and the d; are linearly independent, and we might suppose that m, i is not zero. Then choosing
[ and g such that f(c; 1) = 6;1 and f(cj1) = ;1. We find the f and g as we wished.

This proves that C' is endowed with a structure of comodule-C'.

One can check that the original C*-module structure and the —-C*-module structure coincide. O

. If M is a rational module, prove that N C M a sub-vector space is a submodule if and only if p(N) C
(N ®C).

Solution. Let us suppose first that that p(N) C (N ® C). Let n be an element of N, we write: w0 p(n) =
> ;i @ ¢;. Let f be an element of C*. By definition of p, we have:f - n = . f(c;i)n;, and this shows that
N is a sub-module.

Let us now suppose that p(n) ¢ N @ C for somen in N. We might right p(n) = >, n; ® ¢; with all the c;
linearly independent and ny ¢ N. We consider f € C* a linear for on C, such that f(c¢;) = d;1. Now we can

compute f - n:
fnzZZf(cl)nl =ny ¢ N.



So that N is not a sub-module of M.



