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MOTION GROUPS

Definitions fj)‘ghm 1864 ) G—o'cJSMf‘H\ 1362

We can compose motions, and say when they are equivalent:
we have a group structure.

We call this group the:
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MOTION GROUPS
An example: braid groups B, 0
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MOTION GROUPS
Another example: loop braid groups LB,

Y
9@\ » Group of motions of B> with an n-trivial link C,, in its interior, with
%é orientation preserved both on B® and Ch.

S}‘ » Group of automorphisms 3 of the free group F, of type

@ B(xi) = o 'Xxyai, with 7 € S, and @ € F.
N . <
o . pu braid grp rels (
PSS < D=1 | symmetric grp rels ) + welded diagrams.
@? P1y--+5Pn=1 .
mixed rels

o — (X

U\
§ &» Fundamental group of the configuration space of n circles on

i 3
fd\)%d‘ parallel planes in R, i i

d
M
» Annuli $' x | braided in R*. \_@ @_{1
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MOTION GROUPS
Another example: loop braid groups LB,

» Group of motions of B* with an n-trivial link C, in its interior, with
orientation preserved both on B® and Ch.

» Group of automorphisms 3 of the free group F, of type
B(xi) = o 'Xxyai, with 7 € S, and @ € F.
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» Fundamental group of the configuration space of n circles on
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» Annuli $' x | braided in R%.
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The dream
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well- def'd
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By ==t W)= RBL,
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* We can represent say element of Hi(q by o lnear combingtion

of braid d}a%rsms : the quadratic relation can be seen as o
skein relation.

erresenbﬂons of Hi({\ are equiy. to dhese of ®, Qor which the
\mage of the %ene@*ovs sg*isf\/ the qu&drmﬁ‘c telation
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lwahori-Hecke algebras
Some properties

1. HR is finite dimensional

2. MR is free R-module of rank n!

3. its has a basis indexed on permutations

4. If t = 1then HE is the group algebra R[Sy] of the symmetric
group Sy If R has characteristic zero and t is generic then X is

isomorphic to R[Sh]

5. K a field, HX is semisimple provided t is not a root of unity of order
certain orders.

6. Very well understood representation theory over a field of
characteristic 0.

7. connection with quantum groups arising from statistical
mechanics, and with Yang-Baxter equations.
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Representations of B,
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Representations of LB,
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The Loop Hecke algebra LH,
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The Loop Hecke algebra LH,
R - q: ) ke C par@me—\e(

~_

Aregm:n& o‘e ?o\xlnomlak

nvacants

e We clard -erov‘f\'.

Fled .

Remork: (D) Relskion * is sshishied by the Bucsu makeices .

In Bact: i® we do " ceverse Jones" s*a&{ng Pom dne Aleyander ooy,
bnis is ¥he quotient we ger ( remember link Burau - A\ex‘sn&erj

(s + ] %

@ We need Yo %\Mp\;gy words R He Qoxm TP T - and P p-

IDEA: S,V extended Buaw mataces . Do

e,;\ﬁsﬁyd n.ce qua&ca\ﬁc Te\&-Hoﬁ?

BRAID RELATIONS :
co=00 , li-il>4
] J 0

0.G,0, = O,G; Oy ivd,.. 17

S/MMETRIC. GROUP
RELATIONS

PP = PP, il
pf =4 , =4

PRL = RA Pyt 2

MIXED
RELATIONS ¢

/O&UJ:UJ/OU hi-il>4
U.Rouoé: UN/OL/OLHI\

=4
1
A0 = ALy, 2

2



The Loop Hecke algebra LH,
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The Loop Hecke algebra LH,
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Properties of LH,

Finite dimension

» addifional relations derived from defining relations:
— P201P2 = P102P1:
- 02P1P2 = P1P201,
— 02p102 = 01p2p] + P102071 — P102P]
= p2o102 = 01p2p1 + tpro2p1 — tp1papr + 0201 — oap1 — tpao + Tpopy
» X; = vector subspace of LH, spanned by {1, a;, p;}
LH,§1 =subalg. of LH,,1 gen'd by {ai,pi | i=1,...,m—1}

Then LHpyq = LHXALHS.



Properties of LH,

Finite dimension

LHpn is finite dimensional.

» additional relations derived from defining relations:
~ P201P2 = P102P1:
- 02P1P2 = P1P201,
— 02p102 = 01p2p] + P102071 — P102P]
= p20102 = 01p2p1 + tpro2p1 — tp1papr + 0201 — oap1 — tpao + Tpopy
» X; = vector subspace of LH, spanned by {1, a;, p;}
LHf, = subalg. of LH,1 gen'd by {aj,pi | i=1,...,m—1}.

Then LHpyq = LHXALHS.

O

Remark: From direct caleulation , the dimension is bigoer tnan
the image of extended Buraw



Properties of LHp

Remack : Pyiag with MDec;&USing
Finite dimension E—— < _\_\(\ . .
the parsmeter, one Rinds e dimension Gan

Qo uP  — contagt with Hecke .
Proposition

LH, is finite dimensional.

Ingredients of the proof.

» additional relations derived from defining relations:
— P201P2 = P102P1,
— 02p1P2 = P1P201.
= 02p102 = 01p2P] + P102071 — P102P]
= p20102 = 01p2p1 + p102p1 — tp1papy + 0201 — 02p1 — tpaoy + Tpopy
» X; = vector subspace of LH, spanned by {1, a;, p;}
LHS, = subalg. of LHy; gen'd by {aj,pi | i=1,...,m— 1}

Then LHn.1 = LHSXALH].
0

Remark: From direct caloulation , the dimension is bigger than
the image of extended Buraw



Other properties of LHp

» [Hy is not semisimple;

Some -H\ou,g\'\'\s. bad new S? DifPerent fom Hecke |

However : in Ine c‘\kes\ Qd (S-M.\-TQYTS non %Qmi%\'w\é\lcl]ry
seems degirable .




Ofther properties of LHp

» [Hy is not semisimple;

» We can define a local representation related to extended Burau,
and define the Loop Burau-Rittenberg LBR, algebra.



The Loop Burau-Rittenberg LBR, algebra

and what it tells us about LH,

Define matcices: o, S Izi-a ® R ® I:»L-A
T‘)‘ -4 _n-i-4
R - LAJC E / Q- R fi—— I, ® S® I,
A 0 -4
=it

LBR , al%eb(a = LR, S >,L:)|

PROPERTIES:

L%QV wm R simple mater x &\%QbféS
rad of dimensgion Quen by Rascal diagram -

« The shuchue of  LBRa is independent of £, except -4

Tor 74 and n<d, LH. & LBR,..

GNJECTURE : For +°#4 |,  LH. 2 LBR,.



What next?
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