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Weinstein handlebody diagram for compléments of
smoothed toric divisons

with Bahar Acu
,
Orsola Capooilla- Searle ,

Alexandra Marinkooié
, Emmy Murphy ,

Laura Starkston and Angela Wu . [ ACSMMSW]

out of a WISCON ( Woman in sympled.ie and Contact Geometry) project.
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Context

Philosophe (Miu) sympled.ie manifdd
↳ closed non -deg .

2- foin w .

↳ décompose in easier to understand pieces

took at DCM a diviser c- a sympkdic sabmamfdd
of codimension 2

M

← î → MI NID).N'(D) closed compact pT

fibre bundle hope : nier .↳
structure of Weinstein domain§ µ
w = DX

construited by attacking handles .

Same philosophez in mirror symmetry .



Weinstein manifolds

A Weinstein domain is a quadruple (W ,
w
,
Z
,
&) where

• (W.w) is a sympled.ie manifold with boundary .

• Z is a Liouville vector field, ie Law = w or w - di where D= izw souk;) .

Z In ON and points outward of 0W .

• & : W→ IR via Morse function onW such that & ni constant ondZ and

Z is gradient _ like for of ie d4 ( Z) > 0 auray from critica points and equod
to the actent
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in the neighbourhood of critica points

off
handles
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et Weinstein manifold is obtained from a Weinstein domain by adding
cylindrica ends ( in onder to make the Liouville rector field complet)



Symplectic Toric manifolds

Definition et tonic sympled-icmamfddeiasympled-icmanifdd.IM", w) endoued
with an effective Hamiltonien action of a torus In and a choice of a
moment map § : M → Rn -

_
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hull of the fixed pts ( Guillemin -Sternbey )

Delzant polytope.



Divisons ? tonic divisons : préimage of the faedç
^

boundary of the polytope.

Today : dim 4=2×2 .
⇒ divisas of dim 2 (surfaces)

D:
✗ ✗

-

×

"

⇐1×1 :)

Tout diviser indim 4 : a necklaa of 51s meeting À
Arnold - Liouville 1hmComplement

.jp/Dgsympled-omorphicD'%
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[ Giroux] Chose D- st MID has a Weinstein structure

☐ PD k [ w]
←
[Donaldson]

smoothiny
: log Calabi-YauThe pair we have ( toùcmamfdd ,

tonic div )
l
PD (Cdm) j'
[ Hacking - Keating].



Smoothing diviser
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The attacking sphere when smocking at a vertex

Definition Let (Miu) be asympled.ie toue manifold with moment polytope B .

To each vertex v of D we asociale
• the ray

at V RIN of direction the sum of the direction of the edges
meeting at v

• the slope ofV.su ) : the difference of the unit inward normal
vodou of the edges meeting at V

v

,
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think about int
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Definition The tonic manifdd (Miu) is { y ,
_

, un } - centered if the Rays
RWD

,
.

>
Rlvn) all intersect at one point in the interior

of the polytope .
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(1,0) + f1
,
1) (-1,07+11,1)

= (0, 1)
= 10 ,1)

always ok <⇒ monotone ( <⇒ Fano)
.



Theorem [ A C- S GMMSW]

(1) Lt (Miu) be a {V, , . , un} - centered tonic 4- manifold and

the diviser obtained by smocking the Toric divisa at the nodes Y ,
-Nn .

Then there exists arbitranly small neighbourhoods NID) of D such

that M IN (D) admis the structure of a Weinstein domain
(2) Moreover MIN(D) is Weinstein homotopie to the Weinstein domain obtained

by attacking Weinstein 2-handles to the unit chic cotangent bundle DMR
dong the Leyen derian co - normal lifts of co -oriented curves of slope
svp ,

- -

, slvnl .
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w =/ ds
{ " lack of conviesity at x
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Kirby diagram
In climat
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O - handle D
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1- handle DD
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Legendrian Reidemeister moves

Gompf moins 4,5, 6
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Theorem 2 [ ACSGMMSW]
There exists am algorithm to produce the Weinstein handlebody
diagram of D-Kuhn;

closed

Remank T'← (surface .)
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( Casals -Murphy)
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V

same

toùcmfld.

any.
(Mw) smodhed once.

has this handlebody diagram
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Other example
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Extension to almont doric manifolds
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