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Notations for braid groups

Definition (Braid groups)

Let B,, denote the group of braids with n € N strands.
00 = 04504 If|Z—]|S2
0;0;4+10; = 0410041 forizl,...,n—Z

e B, = <01,...,0n_1‘

o Let D, be the disk with n punctures

v
w1 w; Wit1 Wn,
®e - o ®e - o
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Definition (Braid groups)
Let B,, denote the group of braids with n € N strands.

e B, = <01,...,0n_1‘

00 = 04504 If|Z—j|§2
0;0;4+10; = 0410041 forizl,...,n—2

o Let D, be the disk with n punctures, the group B,, is the mapping class

group of D,:
B, = Mod(D,,).
e o o
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Definition (Braid groups)
Let B,, denote the group of braids with n € N strands.

e B, = <01,...,0n_1‘

00 = 04504 If|Z—j|§2
0;0;4+10; = 0;4+10;0;+1 forizl,...,n—Z

o Let D, be the disk with n punctures, the group B,, is the mapping class

group of D,:
B, = Mod(D,,).

o; +— half Dehn-twist: o o o
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Intro: what is the topological content of U,sl((2)?
Let U,sl(2) be the quantized enveloping algebra of s((2).
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Intro: what is the topological content of U,sl((2)?

Let U,sl(2) be the quantized enveloping algebra of s((2).

Input: Ugsl(2) + modules

Quantum rep. of braids (~ 1985) Reshetikhin — Turaev Knot invariants

(~ 1990)

Kohno | (~ 2010)

) Bigelow )
Lawrence rep. of braids (~ 1990) (~ 2000) Jones polynomial
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Intro: what is the topological content of U,sl((2)?

Let U,sl(2) be the quantized enveloping algebra of s((2).

Input: Ugsl(2) + modules

Quantum rep. of braids (~ 1985) Reshetikhin — Turaev Knot invariants

(~ 1990)

Kohno | (~ 2010)

) Bigelow )
Lawrence rep. of braids (~ 1990) (~ 2000) Jones polynomial

The present work extends these relations.
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Plan:

@ Prerequisite of quantum algebra
© Homology of configuration spaces of points
© Structure of the homology

@ Homological representations and results
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@ Prerequisite of quantum algebra
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Uysl(2)

Definition
U,sl(2) is the Q(q)-algebra generated by elements E, F and K*!, satisfying the

following relations:
KEK™' = ¢?E, KFK~!' = ¢ %F

K—-K1!
[E,F]=—, KK ' =K 'K =1.
7—q
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Uysl(2)

Definition

U,sl(2) is the Q(q)-algebra generated by elements E, F and K*!, satisfying the
following relations:
KEK™' = ¢?E, KFK~!' = ¢ %F

K—-K!
[E,F]=—, KK ' =K 'K =1.

7—q )

Proposition (Hopf algebra structure)

Endowed with the coproduct structure (+ extra algebraic structure), U,sl(2)
becomes a Hopf algebra
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U,sl(2)

Definition

U,sl(2) is the Q(q)-algebra generated by elements E, F and K*!, satisfying the
following relations:
KEK™' = ¢?E, KFK~!' = ¢ %F

K—-K!
[E,F]=—, KK ' =K 'K =1.

7—q )

Proposition (Hopf algebra structure)

Endowed with the coproduct structure (+ extra algebraic structure), U,sl(2)
becomes a Hopf algebra so that its category of module is monoidal.
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Integral version

Let Ro = Z [¢*'] be the ring of integral Laurent polynomials in the variable g.
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Integral version

Let Ro = Z [¢*'] be the ring of integral Laurent polynomials in the variable g.

Definition (Half integral version)

Let Uqésl(2) be the Ro-subalgebra of U,sl(2) generated by E, K*!' and F(") for
n € N*,
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Integral version

Let Ro = Z [¢*'] be the ring of integral Laurent polynomials in the variable g.

Definition (Half integral version)

Let Uq55[(2) be the Ro-subalgebra of U,sl(2) generated by E, K*!' and F(") for

n € N*, where:

poy _ (a—a7 )"
[n] !

are the divided powers of F'.

—l)nFn
q

Notations for quantum numbers

qn —n

—q
n| = ———m,
il q—q7t

and [n]

q° q

=], (= 1],

[,
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Verma modules

Let R1 =7 [qil, qi"‘]
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Verma modules

Let Ry =7 [qil, qia].
Definition (Verma module)

The Verma module V¢ is the infinite R1-module generated by vectors
L
{vo, v1 ...}, and endowed with the following action of Ugsl(2):

K vj=g¢""%v;and E-v; = vj_1 (v_1 :=0)

. n—1
F g — ([ n;-] } IT (a7 - q—zx+j+k)> Tt
9 k=0
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Verma modules

Let Ry =7 [qil, qia].
Definition (Verma module)

The Verma module V¢ is the infinite R1-module generated by vectors
L
{vo, v1 ...}, and endowed with the following action of Ugsl(2):

K vj=g¢""%v;and E-v; = vj_1 (v_1 :=0)

. n—1
F g — ([ n}-] } IT (a7 - q—zx+j+k)> Tt
9 k=0

K is diagonal, v; is said to have weight a — 2j.
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Braid representations
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Braid representations

Proposition (Quantum braid action)

There exists a representation:

Q : Ry [B,] — End
R

1

(0v=y)
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Braid representations

Proposition (Quantum braid action)

There exists a representation:

. a\®n
Q:Ri[Bi] > End g ((veyem)
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Proposition (Quantum braid action)

There exists a representation:

. . a\®n
Q:Ri[Bi] > End g ((V ) )

Definition

For r € N, following spaces are sub-representations of B,,.
o “sub-weight r" W, , = Ker(K — q"*~2").
o ‘highest weight” Y, , = W, N Ker E C W, .
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w . Braid representations
D, : '

Proposition (Quantum braid action)

Quantum representations

(Va)®n ~pB @Wn r @n
n 9 . - E L o
reN QR [Bn] — ndm,Ufgr(z) ((V ) )

There exists a representation:

Definition

For r € N, following spaces are sub-representations of B,,.
o “sub-weight r" W, , = Ker(K — q"*~2").
o ‘highest weight” Y, , = W, N Ker E C W, .

(V)E" ~ €D Wa.r

reN
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K—\
Wn,r—l Wn,r = Yn,v‘
~_
FM

Braid representations

Proposition (Quantum braid action)

There exists a representation:

. . a\®n
Q:Ri[Bi] > End g ((V ) )

Definition
For r € N, following spaces are sub-representations of B,,.
o “sub-weight r" W, , = Ker(K — q"*~2").
o ‘highest weight” Y, , = W, N Ker E C W, .
E

(Ve)®" o @ W st. Wnra
reN SS—

FO

Wnr
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(Va)®n =Bn @Wn,r

E
Wn,r—l

~_
FO

reN

(\

Wn,r <~ Yn,r
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Quantum representations

Configuration space
reN
E
S
Wn,r—l
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(Va)®n =Bn @Wn,r

Wn,r <~ Yn,r

Definition (Configuration space of points in the punctured disk)
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Quantum representations

Configuration space
reN
E
K~
Wn,r—l
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(Va)®n =Bn @Wn,r

Wn,r = Yn,r

Let D,, be the disk with n punctures.

Definition (Configuration space of points in the punctured disk)
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Quantum representations

Configuration space
(Va)®n =B, @Wn,r

reN
E

(\
Wn,r—l
~_

FO

Wn,r = Yn,r

Let D,, be the disk with n punctures.

Definition (Configuration space of points in the punctured disk)

X, ={(z1,...,2) € (Dn)" st. 2z # 2Vi,j}
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Quantum representations

Configuration space
(Va)®n =B, @Wn,r

reN
E

K\
Wn,r—l
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Wn,r = Yn,r

Let D,, be the disk with n punctures.

Definition (Configuration space of points in the punctured disk)

X, ={(z1,...,2) € (Dn)" st. 2z # 2Vi,j} /67"
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Quantum representations

Configuration space
(Va)®n =B, @Wn,r

reN
E

K\
Wn,r—l
~_
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Wn r Yn,r

Let D,, be the disk with n punctures.

Definition (Configuration space of points in the punctured disk)

X, ={(z1,...,2) € (Dn)" st. 2z # 2Vi,j} /67"
Remark (Mixed braid group)

1 (Xm{'r) C Br-{»n
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K—\
Wn,r—l Wn,r = Yn,r
~_
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Configuration space

Definition (Configuration space of points in the punctured disk)
Let D,, be the disk with n punctures.

X, = {(Z1, Y Z,») € (Dn)r s.t. z; # ZjVi,j} /67-

Remark (Mixed braid group)

1 (Xrafr) C BTJrn

Let 7 € N, and Rmax 1= Z [tE1, g1, .., gFon].
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Quantum representations

(Va)®n =B, @ Wn,r
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Configuration space

Definition (Configuration space of points in the punctured disk)
Let D,, be the disk with n punctures.

X, = {(21, Y Z,») € (Dn)r s.t. z; # ZjVi,j} /67-

Remark (Mixed braid group)

1 (Xrafr) C BTJrn

Let 7 € N, and Rmax 1= Z [tE1, g1, .., gFon].

Definition (Local system)

Let L, be the maximal abelian local system associated with the Hurewicz map:

pr: L [Wl(Xr’fr)] — Rmax-
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Quantum representations

(Va)®n =B, @ Wn,r
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Homology

Definition

We define the following homology modules:

’Ha@%S =

He (XesLr)
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Quantum representations

(Va)®n =B, @ Wn,r
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Homology

Definition
We define the following homology modules:

HE = He, (X®; LT)

with: X~ = {{z1,..., 2} € X, s.t. for some i , z;, = wp := —1}
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K_\
Wn,r—l Wn,r = Yn,r
~_
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Homology

Definition
We define the following homology modules:

abs o . rel R0
HE = Hgy (X@,LT) and g = He, (X@,X@,
with: X~ :={{z1,..., 2} € X, s.t. for some i , z;, = wp :=

LT)

~1}
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K_\
Wn,r—l Wn,r = Yn,r
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Homology

Definition

We define the following homology modules:

abs o . rel R0
HE = Hey (XpiLe) and HE = Hgy (X, X Ly )
with: X~ = {{z1,..., 2} € X, s.t. for some i , z;, = wp := —1}
Homology theories
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Quantum representations

(Va)®n =B, @ Wn,r
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Homology

Definition

We define the following homology modules:
HE = Hey (XpiLe) and HE = Hgy (X, X Ly )
@ @ @ tr ® = @ @ @ T

with: X~ = {{z1,..., 2} € X, s.t. for some i , z;, = wp := —1}

Homology theories

o with local coefficients in Rmax.
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Quantum representations

(Va)®n =B, @ Wn,r
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Homology

Definition

We define the following homology modules:
HE = Hey (XpiLe) and HE = Hgy (X, X Ly )
@ @ @ tr ® = @ @ @ T

with: X~ = {{z1,..., 2} € X, s.t. for some i , z;, = wp := —1}

Homology theories

o with local coefficients in Rpyayx. If ()/(\T,é,:) is the maximal abelian cover of
X, then:

Cr (Xr; Ly) := Cr(Xy; Z)

v
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Quantum representations

(Va)®’ﬂ =B, @ Wn,r
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Homology

Definition

We define the following homology modules:
bs .__ . U =
HE = Hy (X@,LT) and Hg = Hy (X@,X®, LT)

with: X~ = {{z1,..., 2} € X, s.t. for some i , z;, = wp := —1}

Homology theories

o with local coefficients in Rpyayx. If ()/(\T,é,:) is the maximal abelian cover of
X, then:

Cr (X,; Ly) := C(X,: Z) (acted upon by Rumax)

v
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Quantum representations

(Va)®’ﬂ =B, @ Wn,r
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Homology

Definition

We define the following homology modules:

abs . 1r1lf . rel . ylf —.
HE = HY (X®,LT> and Hg = HY (X@,X®, LT)
with: X~ = {{z1,..., 2} € X, s.t. for some i , z;, = wp := —1}

Homology theories

o with local coefficients in Ryax. If ()/(\T,é;) is the maximal abelian cover of
X,., then:

Cr (Xp; L) := C(X,: Z) (acted upon by Rumax)

@ of locally finite chains.

v
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Homological representations

Homology

Definition

We define the following homology modules:
bs .__ 1rlf . I qlf =
HE = HY (X®,LT> and Mg = HY) (X®,X®,LT>

with: X~ = {{z1,..., 2} € X, s.t. for some i , z;, = wp := —1}

Homology theories

,Hibs = Hg (Xo; Lr)
' =HY (X, X5 L)

o with local coefficients in Ryax. If ()/(;,é;) is the maximal abelian cover of
X,., then:

Cr (Xp; L) := C(X,: Z) (acted upon by Rumax)

o of locally finite chains. Closed submanifolds (even non-compact) represent
locally finite cycles.

v
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Quantum representations

(Va)®n =Bn @Wn,r

reN

E

K\
Wn,r—l

~_

Wn,r = Yn,r
FO

Homological representations

H2s .= HY (X, L,)

He =0 (X, X L,)

Previous results

Theorems (History of Lawrence's representations)
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Quantum representations
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Homological representations

’Hibs = Hif (Xr; Lr)
e =H (X, X5 L)

Previous results

Theorems (History of Lawrence's representations)

o The modules H2* are representations of B,, (Lawrence, 1990)
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Quantum representations
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Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

Previous results

Theorems (History of Lawrence's representations)

o The modules H2* are representations of B,, (Lawrence, 1990)

o The representation H3", called BKL, is faithful (Bigelow, Krammer, 2000)
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Quantum representations
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Homological representations
Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

Previous results

Theorems (History of Lawrence's representations)

o The modules H2* are representations of B,, (Lawrence, 1990)

o The representation H3", called BKL, is faithful (Bigelow, Krammer, 2000)

o Representations Y, , and ’Hibs are isomorphic
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Quantum representations
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Homological representations
Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

Previous results

Theorems (History of Lawrence's representations)

o The modules H2* are representations of B,, (Lawrence, 1990)
o The representation H3", called BKL, is faithful (Bigelow, Krammer, 2000)
o Representations Y, , and H2* are isomorphic (Kerler — Jackson for

r=2,
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Previous results
Dn . w @ @ [ ] [ )

v Theorems (History of Lawrence's representations)

Quantum representations o The modules H2* are representations of B,, (Lawrence, 1990)

(V" ~p @ W o The representation H3", called BKL, is faithful (Bigelow, Krammer, 2000)
PEN o Representations Y, , and H2* are isomorphic (Kerler — Jackson for
E r=2, Kohno for all r but for a generic set of parameters q and «, 2010)
S
Wn,r—l Wn,r = Yn,v‘
~_
FM

Homological representations

,Hibs = Hif (Xr; Lr)
e =H (X, X5 L)

Jules Martel (IMT) A homological model for quantum Verma modules and Thursday april 30th 13/29



Previous results
Dn . w @ @ [ ] o

v Theorems (History of Lawrence's representations)

Quantum representations

o The modules H2* are representations of B,, (Lawrence, 1990)

(V" ~p @ W o The representation H3*, called BKL, is faithful (Bigelow, Krammer, 2000)
PEN o Representations Y, , and H2* are isomorphic (Kerler — Jackson for
E r=2, Kohno for all r but for a generic set of parameters q and «, 2010)
K~
W’”—l\/’ War 2 Yor Feldgr and Wieczerkowski (1995): A topological action of U,sl(2) from the
FO configuration space of D,,.

Homological representations
,Hibs = Hg (Xr; Ly)
He =0 (X, X5 L)

Jules Martel (IMT) A homological model for quantum Verma modules and Thursday april 30th 13/29



Previous results

Theorems (History of Lawrence's representations)
Quantum representations

o The modules H2* are representations of B,, (Lawrence, 1990)

(V" ~p @ W o The representation H3*, called BKL, is faithful (Bigelow, Krammer, 2000)
PEN o Representations Y, , and H2* are isomorphic (Kerler — Jackson for
E r=2, Kohno for all r but for a generic set of parameters q and «, 2010)
K~
W’”—l\/’ War 2 Yor Feldgr and Wieczerkowski (1995): A topological action of U,sl(2) from the
FO configuration space of D,,.

Its homological meaning remained conjectural.
Homological representations

,Hibs = Hg (Xo; Lr)
' =HY (X, X5 L)

Jules Martel (IMT) A homological model for quantum Verma modules and Thursday april 30th 13/29



Previous results

Theorems (History of Lawrence's representations)
Quantum representations

o The modules H2* are representations of B,, (Lawrence, 1990)

(V" ~p @ W o The representation H3*, called BKL, is faithful (Bigelow, Krammer, 2000)
PEN o Representations Y, , and H2* are isomorphic (Kerler — Jackson for
E r=2, Kohno for all r but for a generic set of parameters q and «, 2010)
K~
W’”—l\/’ War 2 Yor Feldgr and Wieczerkowski (1995): A topological action of U,sl(2) from the
FO configuration space of D,,.

Its homological meaning remained conjectural.
Homological representations

H2s .= HY (X, L,) The goal of this work is to generalize these results.
' =HY (X, X5 L)
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Quantum representations

(Voz)®’ﬂ =B, @ Wn,r

reN
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Wn,r—l Wn,r <~ Yn,v‘
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Homological representations
Mo = H (X5 L)
He =0 (X, X5 L)

Previous results

Theorems (History of Lawrence's representations)

o The modules H2* are representations of B,, (Lawrence, 1990)
o The representation H3", called BKL, is faithful (Bigelow, Krammer, 2000)

o Representations Y, , and H2* are isomorphic (Kerler — Jackson for
r=2, Kohno for all r but for a generic set of parameters q and «, 2010)

Felder and Wieczerkowski (1995): A topological action of Ugsl(2) from the
configuration space of D,,.
Its homological meaning remained conjectural.

The goal of this work is to generalize these results.

Colored version for Lawrence representations (arXiv:2004.00977)
This preprint provides matrices for colored version of Lawrence representations. J
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
S
Wn,r—l Wn,r — Yn,r
?1)/, © Structure of the homology

Homological representations
’Hibs = Hif (Xr; Ly)
He =0 (X, X L,)
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Homological representations
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My =HY (X, X5 L)

Example of a homology class
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Quantum representations
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Homological representations

’Hibs = Hif (Xr; Lr)
My =HY (X, X5 L)

Example of a homology class

{0<thr< <t <1} =A"
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Quantum representations

(Va)®n =B, @ Wn,r

reN
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FO

Homological representations

’Hibs = Hif (Xr; Lr)
My =HY (X, X5 L)

Example of a homology class

{0<thr< <t <1} =A"
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K—\
Wn,r—l Wn,r = Yn,r
~_
FO

Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

Example of a homology class

) .- 4
{0<ty < <t <1}=A" . € X,
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K—\
Wn,r—l Wn,r = Yn,r
~_
FO

Homological representations

’Hibs = Hif (Xr; Lr)
e =H (X, X5 L)

Example of a homology class

{0<t1<...<tr<1}:Ar L) o_--'___o EXT

AN (A7) € X,

AN b e HY (X, 7)
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K—\
Wn,r—l Wn,r = Yn,r
~_
FO

Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

Example of a homology class

P ~-—/--
{0<thr< <t <1} =A"

---;---o
_—
handle

e X,

AN (A7) € X,

AN b e HY (X, 7)
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K—\
Wn,r—l Wn,r = Yn,r
~_
FO

Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

Example of a homology class

AN (A7) € X,
AN e HY (X, 7)

+ handle
AN
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Quantum representations

(Va)®n =B, @ Wn,r

reN
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K_\
Wn,r—l Wn,r = Yn,r
~_
FO

Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

Example of a homology class

AN (A7) € X,
AN e HY (X, 7)

+ handle
AN D e HPS
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Quantum representations
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Homological representations

’Hibs = Hif (Xr; Lr)
My =HY (X, X5 L)

Examples of homology classes
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K_\
Wn,r—l Wn,r o Yn,r
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Homological representations

’Hibs = Hif (Xr; Lr)
M =B (X, X5 L)

Examples of homology classes

For (ko, ..., kn—1) such that > k; = r, following drawings correspond to classes in
He

P A Wn—ip | w,
2 -

o --e ---e
Ulkos - kn—1) = ‘ , and
1 .§\:_”‘_k1’:&/i.4 | d
Alko, .. kn—1) = \\\‘\T" l/ﬁl" “multi - arcs”
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’Hibs = Hif (Xr; Lr)
M =B (X, X5 L)
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Structure of the homology
(Va)®n =Bn @Wn,r

Wn,r = Yn,r

Proposition (Structural result)

Homological representations
b 1
H® = Hrf (Xr; Ly)

He =0 (X, X L,)
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Quantum representations

(Va)®n =B, @ Wn,r

reN
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Wn,r—l Wn,r = Yn,r
~_
FO

Homological representations

’Hibs = Hif (Xr; Lr)
My =HY (X, X5 L)

Structure of the homology

Proposition (Structural result)

° ’Hf’ is a free R max-module,
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_ Proposition (Structural result)
Quantum representations

v - @ - ° ’H;e' is a free R max-module,
— b et o o For which the set {U (ko, ..., ky,_1) s.t. . ki =r} is a basis,
E
VS
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Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K_\
Wn,r—l Wn,r = Yn,v‘
~_
FO

Homological representations

’Hibs = Hif (Xr; Lr)
e =H (X, X5 L)

Structure of the homology

Proposition (Structural result)

° ’H;e' is a free R max-module,
o For which the set {U (ko,...,kn—1) s.t. > ki =r} is a basis,
o H' is the only non vanishing module of Hy (X,, X;"; L).
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_ Proposition (Structural result)
Quantum representations

(V)8 g @ W o H! is a free Rmax-module,
o et - o For which the set {U (ko,...,kn—1) s.t. > ki =r} is a basis,
E o 1 is the only non vanishing module of Hy (X,, X;"; Ly).
'
Wn,r—l Wn,r <~ Yn,r
~_
FM

Idea: If X is a configuration space, let X® be configurations restricted to the real
line.

Homological representations
Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)
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_ Proposition (Structural result)
Quantum representations

v on ., @ - ° ’H;e' is a free R max-module,
RS- o o For which the set {U (ko, ..., ky,_1) s.t. . ki =r} is a basis,
5 o 1 is the only non vanishing module of Hy (X,, X;"; Ly).
S
Wn,r—l Wn,r = Yn,v‘
~ 7 . . . R . . .
FO Idea: If X is a configuration space, let X™ be configurations restricted to the real
line.

Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

1) HY (XF, X®~; L) - HY (X,, X5 L,) is an isomorphism.
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_ Proposition (Structural result)
Quantum representations

v on ., @ - ° ’H;e' is a free R max-module,
RS- o o For which the set {U (ko, ..., ky,_1) s.t. . ki =r} is a basis,
5 o 1 is the only non vanishing module of Hy (X,, X;"; Ly).
S
Wn,r—l Wn,r = Yn,v‘
~ 7 . . . R . . .
FO Idea: If X is a configuration space, let X™ be configurations restricted to the real
line.

Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

1) HY (XF, X®~; L) - HY (X,, X5 L,) is an isomorphism.

2) XTI‘R = UZ ki=r U(k()’ o k"_l)
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Quantum representations

(V)" =5, D War
reN
E
S
Wn,r—l Wn,r = Yn,r
~_ 7
FO

Homological representations

Diagram rules and multi-arcs basis

Example of homological rule

( e <k1+|->- .

) (with t = ¢~ 2).

’Hibs = Hif (Xr; Lr)
My =HY (X, X5 L)
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| . Diagram rules and multi-arcs basis
D, ;™ :

&6 Example of homological rule

uantum representations
. i (TP )=t (1) o=
VOé ®n 2 @ Wn ”
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Wn,r—l Wn,r = Yn,r
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Homological representations

’Hibs = Hif (Xr; Lr)
My =HY (X, X5 L)
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Quantum representations

(V)" =, D War

reN )
E
Ww_lm W, < Yy, Handle rule
~__ N
(FP)- ()
Homological representations )

Diagram rules and multi-arcs basis

Example of homological rule

(oo )=t (o5 ) i em )

Hibs = Hif (Xr; Ly)

He =0 (X, X L,)
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& Example of homological rule
Quantum representations
p w; .{‘Tﬁ\. w; _ q—k [k + 1]q (k_ﬁ_)_ o U Wlth t = q—2).
(V)" s, D W
reN 4
E
S
W rs W,., < Y,, Handlerule
~_ - S =
F(l) ( w; @ -{a- -?"/ > = pr(,goé_l> < w; .Td—w-. W) )
Homological representations )

Diagram rules and multi-arcs basis

’Hibs = Hif (Xr; Lr)

He =0 (X, X L,)

Jules Martel (IMT) A homological model for quantum Verma modules and Thursday april 30th 18/29



Diagram rules and multi-arcs basis

D L Wwe e [ ] o [ )
n
& Example of homological rule
Quantum representations . (1) .
. w; .{‘Tﬁ\. w; — q—k [k + 1]q v @ — -"— - QU (Wlth t — q—2)
(V)*" ~p, B War
reN
E
VRS
W o1 W,., < Y,, Handlerule
~_ "

F (o= Y=oty ( "oF7*")

Homological representations
WP =HY (X5 L)
e =HY (X,,x7;L,) Corollary

The multi-arcs form an integral basis of ’H;e' (i.e. over Rmax)-

Idea: express multi-arcs in the U-basis.
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K—\
Wn,r—l Wn,r = Yn,r
~_
FO

Homological representations
’Hibs = Hif (Xr; Ly)
He =0 (X, X L,)

@ Homological representations and results

Jules Martel (IMT)
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K_\
Wn,r—l Wn,r = Yn,v‘
~_
FO

Homological representations

’Hibs = Hif (Xr; Lr)
e =H (X, X5 L)

E
L

e e
~_ "
FO

Homological operators

General idea: mimic the quantum weight structure.
E
| LN
HiLy e
~_ "

O
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) General idea: mimic the quantum weight structure.
Quantum representations

(Va)®n ~g, @Wn’r ‘/_E\
reN ,H;el_l Hrrel
E ~_ 7
D O
Wn,r—l Wn,r o Yn,v‘
~_
FO

Homological representations plus a diagonal action of K measuring the weight:

H2Ps = HY (X, L,) Definition (K)
He =H (Xr, X7 L) K = ¢=t"dys € End ()
E
He - He
~_ "
FO
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Definition (Divided powers of F)

Quantum representations

(Va)®n =B, @ Wn,r

H o
13
E F& . //,,- k\:,\ . .
o S s U(koy...ykn—1) +— e o225 (+ choice of lift) .
n,r—1 n,r n,r S P
~__ S~ __ -~
F(l) V.

Homological representations

’Hibs = Hif (Xr; Lr)
M =B (X, X5 L)

E
L

He
~_ "
FO

rel
H
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K_\
Wn,r—l Wn,r = Yn,r
~_
FO

Homological representations

Homological operators

Definition (Divided powers of F)

’Hibs = Hif (Xr; Lr)
e =H (X, X5 L)

E
LSS
ety e
~_ "
FO

He - Hl;il‘rk
ki =
P N O
Ukoy ...y kno1) =  ¢-F-e o229 (4 choice of lift) .
Definition (E)
r _3* = I
E:HY ——— L H (X7;L)~H,
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K—\
Wn,r—l Wn,r = Yn,r
~_
FO

Homological representations
’Hibs = Hif (Xr; Ly)
He =0 (X, X L,)

E
LSS
ety e
~_ "
FO

Homological representation of Ug2sl(2)

Jules Martel (IMT)

L

A homological model for quantum Verma modules and

Thursday april 30th

22/29



wy wy wy,

0@ @ [ ] D
D, : "
o

& .o &

Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K—\
Wn,r—l Wn,r = Yn,r
~_
FO

Homological representations
’Hibs = Hif (Xr; Ly)
He =0 (X, X L,)

E
LSS
ety e
~_ "
FO

Homological representation of Ug2sl(2)

From now on t = ¢~

Jules Martel (IMT)

2

L
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K—\
Wn,r—l Wn,r = Yn,r
~_
FO

Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

E
LSS
ety e
~_ "
FO

L
Homological representation of Ugsl(2)
From now on ¢ = ¢~ 2, so that Rmax = Z [qil, gtor, ..
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L
w » « | Homological representation of U/ sl(2)
D.."¢e o - o q

n - From now on ¢ = ¢~ 2, so that Rmax = Z [qil, gt .., qo‘”]

Theorem (M.)

oo b1

Quantum representations

(Va)®n =B, @ Wn,r

The module H1 % .= @), .y Hie' together with actions of E, K*' and F*®)
L
for k > 1 yields a representation of the algebra Ugsl(2).

reN
E
K_\
Wn,r—l Wn,r = Yn,v‘
~_
FO

Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

E
L

e e
~_ "
FO
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D, :

Quantum representations

L
L = = | Homological representation of U/ sl(2)
From now on ¢ = ¢~ 2, so that Rmax = Z [¢F!, ¢F1, ..., ¢™]

Theorem (M.)

oo b1

The module H1 % .= @), .y Hie' together with actions of E, K*' and F*®)

a\®n L
(V)™ =5, @W’”‘ for k > 1 yields a representation of the algebra Ugsl(2).
reN y
E . . - A .
T Homological interpretation of Ugsl(2) presentation
Wn,r—l Wn,r = Yn,v‘
~__ The proof relies on checking homologically:
FM
1
1) — (@) M| = g - g1
Homological representations [l]q'F - (F ) and [E’ F ] =K-K.
’Hibs = Hif (Xr; Ly)
e =H (X, X5 L)
E
L
HL,y H!
~_ "
F(l) V.
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L
. = | Homological representation of U2sl(2)
From now on ¢ = ¢~ 2, so that Rmax = Z [¢*, ¢F1, ..., ¢]

Theorem (M.)

The module H1 % .= @), .y Hie' together with actions of E, K*' and F*®)
L
for k > 1 yields a representation of the algebra Ugsl(2).

oo b1
Quantum representations

(Voz)®’ﬂ =B, @ Wn,r

reN y
E . . - A .
T Homological interpretation of Ugsl(2) presentation
Wn,r—l Wn,r <~ Yn,v‘
~__ The proof relies on checking homologically:
FM
1
1) — (1) M - g g1
Homological representations [l]q'F - (F ) and [E’F ] =K-K.
Hibs = lef (Xr; Ly) It gives a homological interpretation for the following set of relations:
He =HY (X, X5 L) ;
g PPt 95 I+1 1) (,—1 lpr—1 1) p(m +m I+m
B [E,F("‘)}:F()(q K —¢'K )andF()F()z[ ; ] Fl+m)
L 4
Hily He L
\()/' that completes the presentation of Ug?sl(2).
oS ‘
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Quantum representations
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Homological representations

’Hibs = Hif (Xr; Lr)
e =H (X, X5 L)

E
L

e e
~_ "
FO

Pieces of computations

o Idea for the divided power property:

oAl
// \\
/ \
wo o 1], ] wo + e @ W
\ /
N 7z
\\‘_}_’/{
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Homological representations
’Hibs = Hif (Xr; Ly)
He =0 (X, X L,)

E
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Recovering monoidality of Verma modules

Theorem (M.)
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Quantum representations T heorem (M.)

(Va)®’ﬂ ~p @ Wor The isomorphism of R pax-module:
reN

{ HO 0y oL@ [
E
P Alkos- s k1) = U ® - @y,
Wn,r—l Wn,r o Yn,r
~_ "
FO >
Homological representations
abs . 1l .
WP =HY (X5 L)
rel . ylf =,
H =H (XT,XT ,L,n)
E
LSS
Hls e
~_ "
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Quantum representations T heorem (M.)
(Va)®’ﬂ ~ @ W, The isomorphism of R pax-module:

TEN Hal,...7an _) VOél ® - ® VOén
e Alko, -y k1) = Uk @ @ g,
Wn,r—l Wn,r = Yn,v‘ I
\?1)/’ is an isomorphism of Ug sl(2)-modules.
F v

Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

E
L

e e
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Quantum representations T heorem (M.)

(Va)®’ﬂ ~p @ Wor The isomorphism of R ,.x-module:
reN

Hal,...7an _) VOél ® - ® VOén
e Alko, -y k1) = Uk @ @ g,
Wn,r—l Wn,r = Yn,v‘ I
\?1)/’ is an isomorphism of Ug sl(2)-modules.
F v

Homological representations
Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

Idea of the proof.

Compute the action in the multi-arcs basis using homological calculus.

LSS
rel rel
e a1
~_ 7
FO
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Quantum representations
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Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

E
LSS
ety e
~_ "
FO

Recovering the quantum braid action

The action of B, on D,, extends to X, coordinate by coordinate.
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Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

E
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Recovering the quantum braid action

The action of B, on D,, extends to X, coordinate by coordinate.

Lemma

The action of B, lifts to H'® .

Jules Martel (IMT)

A homological model for quantum Verma modules and

Thursday april 30th

25/29



wy wy wy,

0@ @ [ ] g (]
D, : "
o

oo b1

Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K—\
Wn,r—l Wn,r = Yn,v‘
~_
FM

Homological representations

Hibs = Hif (Xr; Lr)
e =H (X, X5 L)
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Recovering the quantum braid action

The action of B, on D,, extends to X, coordinate by coordinate.

Lemma

The action of B,, lifts to H'®' .

Theorem (M.)

Let ay = --- = ap, = a. The isomorphism:

O (Va)®n

is an isomorphism of B,, representations,
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Quantum representations
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Homological representations

Hibs = Hif (Xr; Lr)
e =H (X, X5 L)
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is an isomorphism of BB,, representations, such that H'® =

Recovering the quantum braid action

The action of B, on D,, extends to X, coordinate by coordinate.

Lemma

The action of B,, lifts to H'®' .

Theorem (M.)

Let ay = --- = ap, = a. The isomorphism:

O (Va)®n
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Quantum representations

(Va)®’ﬂ =B, @ Wn,r

reN
E
K—\
Wn,r—l Wn,r = Yn,v‘
~_
FM

Homological representations

,Hibs = Hif (Xr; Lr)
e =H (X, X5 L)

E
L

HE
~_ "
FO

rel
H

Jules Martel (IMT) A homological model for quantum Verma modules and

Recovering the quantum braid action
The action of B, on D,, extends to X, coordinate by coordinate.

Lemma
The action of B,, lifts to H'®' .

Theorem (M.)

Let oy = --- = a,, = . The isomorphism:
O (Va)®n

is an isomorphism of B,, representations, such that ’H;e' = W\
B, '

Remark

There is a multi-color version but restricting representations to the pure braid
group.

Thursday april 30th

25/29



wy wy wy,

0@ @ [ ] g (]
D, : "
o

oo b1

Quantum representations

(Va)®n =B, @ Wn,r
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Homological representations

’Hibs = Hif (Xr; Lr)
e =H (X, X5 L)

E
L

e e
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Pieces of computations

wy wo Wy = Wi~
e -
—%—

g1
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K—\
Wn,r—l Wn,r = Yn,r
~_
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Homological representations

’Hibs = Hif (Xr; Lr)
e =H (X, X5 L)
E
L
He
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Quantum representations

(Va)®n =B, @ Wn,r

0— H? 5w 25 g (X5 L) — 0.

reN
E
K—\
Wn,r—l Wn,r = Yn,r
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Homological representations
’Hibs = Hif (Xr; Ly)
He =0 (X, X L,)

E
LSS
ety e
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K—\
Wn,r—l Wn,r = Yn,r
~_
FO

Homological representations

’Hibs = Hif (Xr; Lr)
My =HY (X, X5 L)

E
L

e HE o A
~_ "
FO

Summary

Lemma (Relative exact sequence)

0— H? 5w 25 g (X5 L) — 0.

Corollary (Integral version for Kohno's theorem)

H2bs Bl> (WprNKerE)=Y,.,
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Quantum representations

(Va)®n =B, @ Wn,r

reN
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Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

E
LSS
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Summary

Lemma (Relative exact sequence)

0— H? 5w 25 g (X5 L) — 0.

Corollary (Integral version for Kohno's theorem)

HP = (W NKer E) = Y, ,
T B" ] ’

o Lawrence's representations are extended to relative homology.
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Quantum representations

(Va)®n =B, @ Wn,r
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Homological representations
Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

E
LSS
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Summary

Lemma (Relative exact sequence)

0— H? 5w 25 g (X5 L) — 0.

Corollary (Integral version for Kohno's theorem)

H =5 (W, NKer BE) =Y, ,
T B" ] ’

o Lawrence's representations are extended to relative homology.
@ Kohno's theorem is extended in two directions:

» From ¢, a € C to working with Z [qil, iﬂ‘]v

q
» From Y, . to the full W, ., so to the entire (V*)®".
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K—\
Wn,r—l Wn,r = Yn,v‘
~_
FM

Homological representations

Hibs = Hif (Xr; Lr)
e =H (X, X5 L)

E
L

HeL s H =
~_ "
FO

Summary

Lemma (Relative exact sequence)

0— H? 5w 25 g (X5 L) — 0.

Corollary (Integral version for Kohno's theorem)

H =5 (W, NKer BE) =Y, ,
T B" ] ’

o Lawrence's representations are extended to relative homology.
@ Kohno's theorem is extended in two directions:

> From ¢,a € C to working with Z [¢*', ¢=*],

» From Y, . to the full W, ., so to the entire (V*)®".

L
o Homological interpretation for the action of Ugsl(2).
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Quantum representations

(Va)®’ﬂ =B, @ Wn,r

reN
E
K_\
Wn,r—l Wn,r o Yn,v‘
~_ 7
FM

Homological representations

,Hibs = Hif (Xo; Lr)
M =B (X, X5 L)

E
L

HeL s H =
~_ "
FO

Summary

Lemma (Relative exact sequence)

0 — M = 1 2% H (X5 L) — 0.

Corollary (Integral version for Kohno's theorem)

H =5 (W, NKer BE) =Y, ,
T B" ] ’

o Lawrence's representations are extended to relative homology.
@ Kohno's theorem is extended in two directions:

> From ¢,a € C to working with Z [¢*', ¢=*],

» From Y, . to the full W, ., so to the entire (V*)®".

L
o Homological interpretation for the action of Ugsl(2).

We provide homological relations between multi-arcs and bases from the literature
clarifying previously required generic conditions.
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» | Summary
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— Lemma (Relative exact sequence)

Quantum representations

(Va)®’ﬂ =B, @ Wn,r

0— #2425 H (X7 L) — 0.

reN Corollary (Integral version for Kohno's theorem)
E abs ~
P Hs = (WprNKerE)=Y,,
Wn,r—l Wn,r <~ Yn,v‘ "
~_
FO o Lawrence's representations are extended to relative homology.
Homological representations @ Kohno's theorem is extended in two directions:
> From ¢,a € C to working with Z [¢*', ¢=*],
abs Lf .
H,” = H; (erLr)

» From Y, . to the full W, ., so to the entire (V*)®".
| 1 — L
e =HY (X, X5 Ly) @ Homological interpretation for the action of Ug2sl(2).

L/_E\ We provide homological relations between multi-arcs and bases from the literature
He He <= 2P clarifying previously required generic conditions. We answer Felder and
\—(f Wieczerkowski's conjectures.
F
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Quantum representations
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Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)

E
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Application to knot theory (in progress)
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Quantum representations

(Va)®n =B, @ Wn,r

o Let Jx(I) be the I-colored Jones polynomial of a knot K
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Homological representations

3> = HY (X,; Ly)
He =0 (X, X5 L)
E
HiLy c o HE U
e
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Homological representations

13> = HY (X5 Ly)

He =0 (X, X5 L)
E
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Notations
Quantum representations o Let Jx(I) be the I-colored Jones polynomial of a knot K (computed using
(V)8 @Wn i the [-dimensional simple module of U,s((2)).
reN o Let f be a mapping class acting on a topological space X, we denote the
E abelianized Lefschetz number of f by Ly (f, X).
K~
Wn,r—l Wn,r = Yn,v‘
~_
FM

Homological representations
’Hibs = Hif (Xr; Ly)
e =H (X, X5 Lr)
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L
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~_ "
FO

Jules Martel (IMT) A homological model for quantum Verma modules and Thursday april 30th 28 /29



wy wy Wy,

0@ @ [ ] (]
D, : "
o

oo b1

Quantum representations
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Homological representations

,Hibs = Hg (Xo; Lr)
He =HY (X, X ;L)

E
L

Hrel . H;el o Hibs
FO

Application to knot theory (in progress)

Notations

o Let Jx(I) be the I-colored Jones polynomial of a knot K (computed using
the [-dimensional simple module of U,s((2)).

o Let f be a mapping class acting on a topological space X, we denote the
abelianized Lefschetz number of f by Ly (f, X).

Theorem (M.)
Let K be the closure of a braid 3 € B,,, then:

Jr(l+1) = -”lz V)" La (B, (X X)) g, €

where A is an invertible coefficient.

Jules Martel (IMT) A homological model for quantum Verma modules and Thursday april 30th 28 /29



wy wy wy,

0@ @ [ ] g (]
D, : "
o

& &

Quantum representations
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Homological representations

’Hibs = Hif (Xr; Lr)
M =B (X, X5 L)

E
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Quantum representations

(Va)®n =B, @ Wn,r

reN
E
K_\
Wn,r—l Wn,r = Yn,r
~_
FO

Homological representations

’Hibs = Hif (Xr; Lr)
e =H (X, X5 L)
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o Idea for [E, F(V]:
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Quantum representations
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Homological representations

’Hibs = Hif (Xr; Lr)
e =H (X, X5 L)
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o Idea for [E, F(V]:
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