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1. Volume Conjecture

R. Kashaev:

Construct a new invariant (K), of a knot K from the
quantum dilogarithm function whose asymtotics seems
to relate to the hyperbolic volume of the complement.
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H. Murakami-J.M.:

(K)n is equal to (N — 1)-th Colored Jones polynomial
V&N_l)(t) at N-th root of unity t = exp(27i/N).
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Y. Yokota:
Correspondence with a octahedral decomposition of the

knot complement.
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Example: whnitehead link
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Let zo be a solution of £ (P(e®*) 4 27kzi) = LP(e*) + 2nki = 0.
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Chen-Yang’s VVolume Conjecture
N : odd, t=exp(2ni/N) — t=exp(4ni/N).

Jim 57 27 |og TVN(M) — VO|( M)

Variations of Chen-Yang's volume conjecture:
Turaev-Viro invariant
witten-Reshetikhin-Turaev invariant

Kirillov-Reshetikhin invariant

for knotted graphs including {

e Colored Jones polynomial
e Quantum 65 symbol

e Polyhedral Graph



Chen-Yang’s VVolume Conjecture

Witten-Reshetikhin-Turaev invariant of 55 surgery
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It is proved for integral surgeries of 41 by T. Ohtsuki.




V. C. for Kirillov-Reshetikhin inv.

Quantum 635 symbol
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V. C. for Kirillov-Reshetikhin inv.

Polyhedral Graph

corresponding to regular cubes
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2. Applications
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3. Symmmetry of quantum 6j-symbols

: l0g [TV (M
Volume Conjecture 2 lim 29I TVr (M)
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Recall the strategy to prove V. C.
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Turaev-Viro invariant of 3-manifolds
M : 3-manifold

A : a tetrahedral decomposition of M

VA : vertices, FEa : edges, Fa : faces,
T . tetrahedra, N > 2 —
I={0,%,1,---,%52} ! the set of spins

a,b,c € I is N-admissible iff
a—b<c<a+b a+b+c<N-2 and a+b+ceZ
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b
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: quantum 6j-simbol (by A. Kirillov and N. Reshetikhin)



Turaev-Viro invariant of 3-manifolds
M : 3-manifold KR
e

A : a tetrahedral decomposition of M
VA : vertices, FEa : edges, Fa : faces,
T . tetrahedra, N > 2
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Turaev-Viro invariant of 3-manifolds
M : cusped 3-mfd or 3-mfd w. boundary

A<D

TVN(M) = > [ 2eCe) +1] ]
© EA — T ecEa c€Ta
N-admissible
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Chen-Yang’'s V. C. im =" 9TV (M) = Vol(M).
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For 4, and Borromean rings, this conjecture is proved by R. Detcherry,
E. Kalfagianni and T. Yang.

sin® &
For a knot K, TVn(S®\ K) = 2N =525 V(K|



Fujil’s manifolds

Construction:

T hree-manifolds with genus 2 geodesic
boundary consists of two truncated reg-
ular tetrahedron with dihedral angles g.

There are 8 different manifolds having the same volume.
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TV invariant of Fujii’s manifolds

M :  Three-manifolds with genus 2

geodesic boundary consists of two trun- W W

cated tetrahedron. There are 8 different

manifolds having the same volume. Q 0 \
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Apply the saddle point method
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Symmetry of quantum 6j-symbols

27
Let hl(cN) — / sin @ exp (4ﬁ (PN(eiQ) + kz@)) de.
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Question: Is Py (e'?) symmetric at § = =7
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Towards a proof of V. C.

Obstruction for proving V. C. W
e Colored Jones and WRT invariant g
The condition for the saddle point method. /(
e _Turaev-Viro invariant e —
Symmetry of the quantum 65 symbol.
cont. * cont.
g b ¢ — | e where a* = N — 2 — a.
d e f > d e f
R. Detcherr
rfi ¢ f=le o p| (7§ Koo )

e Kirillov-Reshetikhin invariant
Complexified tetrahedron

e Hennings invariant
The quantum 6j-symbol has natural symmetry.
Well-definedness for knotted graph is not obvious.

non-semisimple repr., modified trrace, ADO inv., CGP inv.
Diagramatic interpretation is given by M. de Renzi



