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Motivation

Quantum invariants of knots:

Come from the representation theory of quantum groups Uq(g)
(Jones, Witten, Reshetikhin-Turaev, 80-90s).

Ex: Jones polynomial JK (q) ∈ Z[q±1] (g = sl2, semisimple).

Ex: Akutsu-Deguchi-Ohtsuki polynomials ADOp(K , t) (g = sl2,
q = eπi/p, non-semisimple).

Extend to a nice structure called a (2+1)-TQFT.

Question: Topological content of quantum invariants?

Many conjectures about (colored) Jones. But what about ADO?
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Seifert genus: g(K ) := min{g(S) | ortble, connected S ⊂ S3, ∂S = K}.

g(S) = 1

Alexander 1928: deg ∆K (t) ≤ 2g(K ).

No such bound for JK (q).

Bound for 2-loop expansion of colored Jones (Ohtsuki ’06).
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Daniel López Neumann Genus bounds for non-semisimple quantum invariants 3 / 21



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Seifert genus: g(K ) := min{g(S) | ortble, connected S ⊂ S3, ∂S = K}.

g(S) = 1

Alexander 1928: deg ∆K (t) ≤ 2g(K ).

No such bound for JK (q).

Bound for 2-loop expansion of colored Jones (Ohtsuki ’06).
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Main Theorem

Let H be a fin. dim. N-graded Hopf algebra over K.

(LN, 19-22): One can “Fox calculus twist” ZD(H)(K ) ∈ D(H) to get a
knot polynomial PH(K , t) ∈ K[t±1].

Theorem (LN-van der Veen, ’22)

For any knot K ⊂ S3

deg PH(K , t) ≤ 2g(K )d(H)

where d(H) = top N-degree of H.

(LN-vdV, ’22) If H = Borel of uζp(sl2) then PH = ADOp invariant so

deg ADOp(K , t) ≤ 2g(K )(p − 1).
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Outline

Drinfeld doubles D(H) of Hopf algebras.

Universal invariant ZH(K ) ∈ D(H) of knots.

Twist the above story (by N-degree) to get knot polynomials.

Proof of thm.
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Hopf algebra:

Algebra (H,m, 1) over K.

Coproduct ∆ : H → H ⊗ H and counit ϵ : H → K
Antipode S : H → H + relations.

Fundamental fact: if X ,Y ∈ Rep(H), then X ⊗K Y ∈ Rep(H) via ∆ and
X ∗ ∈ Rep(H) via S! Examples:

1 Hq = ⟨K±1,E | KE = q2EK ⟩ with

∆(E ) = E ⊗ K + 1⊗ E , ∆(K ) = K ⊗ K ,

ϵ(E ) = 0, ϵ(K ) = 1,

S(E ) = −EK−1, S(K ) = K−1.

2 If q = ζp = eπi/p, the quotient Bζp = Hq/(E
p = 0,K 2p = 1) is a

Hopf algebra.
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The Drinfeld double of a Hopf algebra H is D(H) := H∗ ⊗ H as a
coalgebra with multiplication

(p ⊗ a) · (q ⊗ b) := ⟨q(1), S−1(a(3))⟩⟨q(3), a(1)⟩p · q(2) ⊗ a(2)b

or graphically

∆

m

S−1

m

∆

Why is D(H) interesting? Because R ∈ D(H)⊗2 defined by

R =
∑

(ϵ⊗ hi )⊗ (hi ⊗ 1) =
∑

hi ⊗ hi ∈ D(H)⊗2

where hi is a basis of H and hi ∈ H∗ is the dual basis, satisfies the
Yang-Baxter eqtn.
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The YB equation for R =
∑

hi ⊗ hi ∈ D(H)⊗2 is:

We will also suppose D(H) is “ribbon”. Thus, there is g ∈ D(H) such
that S2(x) = gxg−1 and ∆(g) = g ⊗ g
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that S2(x) = gxg−1 and ∆(g) = g ⊗ g
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The above implies that we can define tangle invariants from D(H)
(tangle = framed, orted 1-submfld embedded in R2 × [0, 1]):

Step 1: Put copies of R on all crossings and g±1’s on right caps/cups.

Step 2: Follow the orientation of each component and multiply in D(H).

The result is ZH(T ) ∈ D(H)⊗m (m = number of cmpnts. of T ).
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If you prefer categories:

X ∈ Rep D(H) iff X ∈ Rep(H) together with a collection of
half-braidings

{σY ,X : Y ⊗ X → X ⊗ Y }Y∈Rep(H).

Thus, Rep D(H) is the Drinfeld center of (Rep(H),⊗) (center as for
monoids, but its a monoidal category!). It is a braided monoidal category.

The invariant ZH(T ) is “universal” (for Rep D(H) quantum invariants) in
that

tr V (ZH(T )) = RTV (T̂ )

for V ∈ Rep D(H).
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Twisted Drinfeld double

Let H be a f.d. N-graded Hopf algebra and let θ(h) = t |h|h, h ∈ H.

Virelizier (2000): for each n ∈ Z let Dn = H∗ ⊗ H with multiplication

∆

m

S−1

m

∆

θ−n

This is NOT a Hopf algebra (if n ̸= 0) but there is a “coproduct”

∆n,m : Dn+m → Dn ⊗ Dm

and antipode Sn : Dn → D−n, satisfying graded versions of Hopf axioms.
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Daniel López Neumann Genus bounds for non-semisimple quantum invariants 11 / 21



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Twisted Drinfeld double

Let H be a f.d. N-graded Hopf algebra and let θ(h) = t |h|h, h ∈ H.

Virelizier (2000): for each n ∈ Z let Dn = H∗ ⊗ H with multiplication

∆

m

S−1

m

∆

θ−n

This is NOT a Hopf algebra (if n ̸= 0) but there is a “coproduct”

∆n,m : Dn+m → Dn ⊗ Dm

and antipode Sn : Dn → D−n, satisfying graded versions of Hopf axioms.
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Theorem

Let Cn = Rep(Dn). Then
⨿

n∈Z Cn is a Z-crossed braided category.

Here Z-crossed braided means:

Cn ⊗ Cm ⊂ Cn+m.

Each Cn carries a Z-action k 7→ (X 7→ θk(X )).

The braiding goes Xn ⊗ Ym → θn(Ym)⊗ Xn.

Rmk: We could have used the full Aut(H) to define an Aut(H)-crossed
braided category. But note:

Aut(H) is finite for f.d. semisimple Hopf algebras (Radford).

More generally: finite semisimple tensor categories can only carry
finite group actions! (Etingof-Gelaki-Nikshych ’05).
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...and if you still prefer categories:

X ∈ Rep(Dn) iff X ∈ Rep(H) together

with half-braidings

{σY ,X : Y ⊗ X → X ⊗ θn(Y )}Y∈Rep(H).

This is the relative Drinfeld center of Rep(H)⋉ Z.
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What is the twisted Drinfeld double of
Bζp = ⟨K±1,E | KE = ζ2pEK ,Ep = 0,K 2p = 1⟩ ?

If F , k ∈ H∗ are as

usual, the product in Dn is

EF − FE =
K − t−nk

q − q−1
.

But here K 2p = 1. If we set K ′ = tn/2K ,E ′ = tn/2E then get

[E ′,F ] =
K ′ − k ′

q − q−1

and (K ′)2p = tpn. So the twisted Drinfeld double is related to
semi-restricted unrolled Uζp(sl2).
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Invariants of tangles

(Turaev, 2000): G -crossed ribbon categories produce invariants of
tangles equipped with ρ : π1(XT ) → G .

If G is abelian, one can “equivariantize” and get a honest ribbon category
with a G -grading. The resulting knot invariant (at ρ : π1(XK ) → H1 = Z)
can be described as follows:

Step 1. Put one copy of R ∈ D(H)⊗2 and θ at each crossing:

b bhi hi · θ

Note: the above lives in a semidirect product D1(H)⋉ Z. Also: don’t

forget g±1 on right caps/cups.
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Daniel López Neumann Genus bounds for non-semisimple quantum invariants 15 / 21



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Invariants of tangles

(Turaev, 2000): G -crossed ribbon categories produce invariants of
tangles equipped with ρ : π1(XT ) → G .

If G is abelian, one can “equivariantize” and get a honest ribbon category
with a G -grading. The resulting knot invariant (at ρ : π1(XK ) → H1 = Z)
can be described as follows:

Step 1. Put one copy of R ∈ D(H)⊗2 and θ at each crossing:

b bhi hi · θ

Note: the above lives in a semidirect product D1(H)⋉ Z. Also: don’t

forget g±1 on right caps/cups.

Daniel López Neumann Genus bounds for non-semisimple quantum invariants 15 / 21



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Step 2: Multiply in D1(H)⋉ Z the elements encountered while following
the orientation of T . This results in an element Z θ

H(T ) ∈ H∗ ⊗ H[t±1].

Step 3: If T is a (1, 1)-tangle whose closure is K then

PH(K , t) = ϵD(H)(Z
θ
H(T )) ∈ K[t±1].
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Daniel López Neumann Genus bounds for non-semisimple quantum invariants 16 / 21



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Sketch of proof (g(K ) = 1 case)
Let S be a genus 1 Seifert surface of K . We will show:

deg Z θ
H(K ) ≤ 2d(H).

Let T be the “core” 4-tangle of S :

Then the invariant of each band is of the form ∆1,−1(x), x ∈ D0 = D(H)!
Thus,

Z θ
H(K ) = m

(4)
1 P(id⊗ S−1 ◦∆1,−1)

⊗2(ZH(T )), ZH(T ) ∈ D(H)⊗2
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Z θ
H(K ) = m

(4)
1 P(id⊗ S−1 ◦∆1,−1)

⊗2(ZH(T )), ZH(T ) ∈ D(H)⊗2

Let’s see the powers of t in the above formula:

But |a(i1)|+ |a(i2)|+ · · · ≤ |a| ≤ d(H) for any a ∈ H. Thus each H-leg of
T contributes a t-power ≤ d(H).
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Thanks!
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