Pseudo-isotopies of 4-Manifolds
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1. Pseudo-isotopies, high dimensional background
YI.Hatcher and Wagoner's Invariants of pseudo-isotopy

TII.Realisations of Hatcher and Wagoner's invariants in dimension 4

I Pseudo-isotopies, high dimensional background
D\ef"' A (smooth) Pseudo-isotopy of a Manifold X is a diffeomorphism
F:Xxlo1]— X x\/,ojlj
such that F (X x iLZ} Z Xx§i3 ,for L= 0,7 and F\ ox=T :],axxf N
Denoting ;§ = HX,SQE N X%X ) j: HXXM : X’ﬁx wesay 5’ andﬁ are (smoothly) Pseudo-isotopic

R}\"‘;"& * A pseudo-isotopy that is level preserving, i.e. F (XX iﬂ) = Xxfi¥ Fori¢ [OJII is an botopy!

* Isotopy implies Pseudo-isotopy!

N\oéwa@‘oﬂ Given self-diffeomorphisms iij — X which are homotopic, one has a continuous map [ X x{e,i] =Xxfs.2)

With Hx.mff, Fx,m:ﬁ in certain favourable situations, surgery theory allows us to turn this map into a
homeomorphisms/diffeomorphism.

M. Given jf} 3 : >< ——)X pseudo-isotopic maps, when are they isotopic?

Equivalently,

Qu,o_stum 11 Given j( :X ——)X pseudo-isotopic to ﬂx, when is EC isotopic to ﬂx?
PAAS-NE LS

Denote the set of diffeomorphisms pseudo-isotopic to the identity by D(?Q PI ( X/ DX)

Quasten 1/ v T PIGEX, X =03

Quj_sﬁ\'m 2__ Given a pseudo-isotopy F : >< YI />>< x T with F\Xx o} = ﬂx is F isotopic to an isotopy?
i.e. does there exist F)t X T —>XxT for te[o,Q with )*}O = F) Hl an isotopy.

WLOG - Hc Xxfo} — ﬁ)(

W Lo .
D™ oo P(X) = T et -otoies F XA X015 Fhewsez= L
Note this is a group under composition!

Quastian 2, wrars TB(X) 7

Ritonshp Bewae ) & DO 29
F x>l 5T Flx.o=
o — I —nfX) ——————> () —— O

F— JXxl

Where I(X} :Zf)sludofu&ap\u fowm ﬂx to b} (- F<X>

When >< is simply connected

Dtmens\on > 5

T,L‘\&QC?& (Cerf) Iins a simply-connected manifold of dimension > &, every smooth pseudo-isotopy is smoothly isotopic to an
isotopy.

Corollary: . ‘H(,POO :TLD‘Q(’X<X’3>O =®

Dimansx'(m 4 >( <3 —> Kkj
LL‘&QC?J.’\; (Quinn) For >< a simply connected manifold of dimension /—f- every topological pseudo-isotopy is isotopic to a topological

isotopy.
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Nete: WLOG - H,

. H1 = ﬂ_xn since any level preserving map F‘XX[QU—vX?

Xxfo} = HX Y ee[o, 1]. Since if not we can take

Proof: Hc(x, S) = P (X ; (‘,S> is an isotopy with
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N
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He = (Hobos g ) > He

<o, 5] fixing Xx §o3 is isotopic to ﬂxmm

H‘: H B Ho: ﬂ)(),[aJ\]
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Dimension L. Examples ofﬁDﬂﬁ(X,3>o ? O fron gauge theory.  (Ruberman, Baraglia-Konno, Kronheimer-Mrowka, and Lin)
6

When X is non-simply connected

H ijLL DfmanSx'ows

( Patcher + Waganar +Tousa)

M’b‘v (Igusa) For >< a smooth manifold of dimension |, 2. {there is an exact sequence

K, 2T 2o Wh (1 ZexwX) —> w000 = Wh, (1X) — ©

. I
For m 7/ C‘\,. there are maps

e Goe S1 PO — WhilnX) S el el

nuagionts o

» C RecS s Wh (T6X; Z, ¢ TX)
bhis  talk O+ Rec X o)

. When Il 25, 2. and 9 are surjective.

Sirsk (’“SMTDV
A ‘,\\ﬂr“"r'\
S

( Hatche & \/Vmbam(>
D(Mensmvx 4
Previous examples from Budney-Gabai and anabe of W@LF{“H (X/ J X) 0.
N °

N )
xS >12,35)x3
BZ x SJ

Recent examples (S.) and concurrently Igusa of DL{‘FPZ (X, &X) +0O using the invariant @

S [
SxSxS (xS M xS
: (M#M)xS W ot saty conmtad
M closed
OFlantable as,hmq/‘
F (5_)0(7‘90()10.
[

Pise  hie culanm sabgee € WhiOX, ZoxK g o g C O
\@(X & Sz X Sl>zo when Wh, X, Z, XT‘X)/?C(KZ(«.XJ) w0
f(x 2 SZX Sl}¢o when WL(WLX) 20.

Sor N Sulticiantly lage

1T Hatcher and Wagoners Invariants
Pseudo-isotopies as paths of functions
Smoothe , .
%" m(X):gi:XX[o,ijF»[%\j L5 (Xxgig)=l Sor L:O/lg

mc<><>: gfém (X) 5§ has no crbiea pmtsg
>[0,1]

Let Vdenote the standard projection ]0’. X X[OJ L__]

We can constructamap T( . F(X>H m (><>

-F
Xyﬁ\}:@/_%_% F

Since ): is a diffeomorphism, and p has no critical points T[ ( P(X)) g mo<><)

Lowo. 0T PIX) —TT, YNLXD s anisomorptisme
sosince VL (X) 2 #  wehave
7. P == 1, (UX), TNLX)),
B‘ﬁ;{ injeckive 7 e
Ceekve - SeMeX) L e T = ¢g/c<% 0)
wewteine 3 s S w76 () WL,X)

Reths on  WMOO

Quinn, after a 5-dimensional surgery argument) Titersebon. Sorrm

» When h«X: O nx# +& HP(X) ’_’\/\M‘(K\XB @Wh,(1X; Z,xTX) is an isomorphism

Wh, (T0,.X; 7

The groups \/\/ \/L1

Whitehead Torsion groug



g @ O]
?Z XTCLX) -3 COEIR TR yg-l] o) SéZ,Xﬂ,X) tgen?(>

b \NKL are defined using algebraic K-Theory. In the non-relative case \/\/LL,I(G> is the
) \/\/L\,&G) o GLKZE% arising in the s-cobordism theorem



Paﬁlﬂs LVL m(ﬂ

Any path :S/t & m (x> can be deformed to a 1-paramater family of morse functions (with some standard extra singular points
corresponding to creation of cancelling handle pairs). We can also make the Cerf diagram "nice":
4

Creabion of Canalling Conallabion o

h apdle pPairs

haﬂ/(é S C,%gg

O
S

(H odchee £ W%ev\l()

m Let X be an \-manifold. Forany 7 < (, < L~ 2~ and any path :fb € \m(X) with S,)& émg Q() we can
deform §—6 fixing the ends so it has the following Cerf graphic

PR R PR

3
Qrzabom o ‘(‘QI\G((V\j }/wa\af(g slokos & ‘ N %mnj’iﬁ
Ly (0 noapdle Pirs '\dePJ o aftoching regios
2 ha_ LGy

3

2 [ & 3 henly
S [ \(/:, T

O < + - 1
—_—

4 - dim vetore
=i
e Looking in the "middle 4-manifold" \/k: g{j((iv we see first a copy of Xfor t< E/

m o 2
o Between t= and = £ we see the creation of /¥ cancelling pairs - the middle 4-manifold becomes X’ﬁ: S x S

Stx iy So¥x §*
— We see two sets of embedded spheres A 1y A1) ul\m and %,/ Bl/ JBmwith Ah n Bo = Sﬂ paints
I N~
2-handle 3~ hand
Reke Stheres alaching  sphered
s Between {’ﬁ £ and t=1 — ¢ some weird stuff can happen!

-Handles can slide over each other (resulting in tubing an A-sphere to a parallel copy of another A-sphere, or tubing a B-sphere to a parallel
copy of another B-sphere

-The spheres can move about. The A-spheres must be mutually disjoint, as must the B-spheres, but the A's and B's can intersect!

By general position, we can perturb 56 so we see a collection of finger moves and Whitney moves

- At ‘t = \' i each A-sphere has a B-sphere that it intersects in a single point. The 2 and 3 handles then cancel in pairs!

Motivation f 2 @ : If we could deform the Cerf graphic to be as below
ST o S ey

!

Mo hordl Slides!

No Singel /\/\owo[
no \/\/‘m‘%wb Moyes |

then we could "cancel the eyes" \/

g, B,

w
w

/\\ AL

<
=

o of 8 B Handle slide 8
Creation of two ! =, between two
cancelling pairs of O 3-handles.
handles. -
_—

/—/\‘

—"
P

el




O - kel

Cancellation

Whitney 8
& of handles
—

B
move and

8 o
A\ Sliding 8, : Whitney g £ . Sliding 2, .
\Q ,ﬁ,&‘_, < move . fsotopy S ’ over B, isotopy,
A~
~—AN\ e " ~ ~— =
> | — ST _J/C——\

j}M (WQ/ [V &X>)




’S’b € Mc Vé
S Bl o 1 (309, 0 = V

DQ@ 05 Z

Imtwtmn' Ewu'is handle slides.

GL{ ZmX] QL (2 x7)

) =
ey = Bz Yﬂ]\ = G L(zwxD)

100~ i
s o1 0 7
. - o 0 1 2 Tt oo
eb‘) co o0l J
; i
ps )f' s Y
Q\ngq*@‘d

W: A ) .
o [QCJJQKL]: O  fer Ltk I3l

2 .
. [g?} N eft ] = QV{ ¢, vk Ansemet
" 2~
/Qﬁll The Steinberg group St ( Zﬁ(\ xj) is the group freely generated by the symbols xb\) wbject to the relations

AEyo

P
| XXy T c3

A I . .
. [lvaﬁm]: O fer (xR, J#L

Vi .
. [1?3/3(3\:] = o vk Asemet

There isamapv-gt(z [7(><]> — E (Z [—m\(])
:(3 Hgﬁ
o (Z2 T XD) = kee(m) < Se(z2Gnx])

¥ 1
Wh, («X)i= k. (ZfX])) mod < 39 K5 9> () ke (% I x7)
Label the (-handles and the (i+1)-handles, and pick some arcs to a basepoint. Then you can consider the morse differem\a\att\me‘é
° 2 X]) o Z fr X
25 € GLal D) ccLza)
at €t = &

£
J aL+L - I
-

2L
When a handle slide occurs, 9 ¢ + 1. changes by left or right multiplication by 1Z CJ

Sy L
s tZE L, Tt el . el
Right before all of the handles are cancelled we must have Ab N EJ = CS Le) for 6~ some permutation
S 2, P
a € €= Il- A ab‘*’] =€y, - 2 k\xk D

Cet: 3 we <>C§><*‘J XM> with WW}:

2
of? LSy = e x i w

( Pnbchec ~Wasgomec)
Tlﬂ M When ZK %J =0 and N >/ Cy , é,( can be deformed to have the following Cerf Graphic

no  howdle shites'

Some ’AE\‘VLOM /whitrag

VYo le s

[

In the middle level we now see

cramtion of
hondl pairs
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In the middle level we now see

cramtion of
handk  pairs

A 5 W hfens
O 5., Mases @ _
NCOY R - sl »w I
AN
A)( ) L3 @ \
@ f‘\‘s{bg glx—},\

f\txsjé\jyj/

Consider the trace of intersections /A\LXI ﬂB )(I : these are lines and circles \/U}/\
’ < j n ’kﬂ_f E — \

-

R
S

Tntesror Soc & counts C iccles  of iw €or se chion
To each circle of intersection C , associate
N
TenX (&)
@JxI

c.€TX
C ALXI so bounds a disk DQCALXI
C — @L,X:[soboundsadlsk DbC BJKI

S(_ & Z/ - Framings!

5?C><><I»<T

Matrix of intersections: /\/lc) - ? < SLJ GZ) ?(C € <ZZX'TT?_><> [T((X]

circles of (nirlebion

Ce AXINBxT

<X [ X] ]
O (5=t (Trm) e EZO = v (s 2, )
X (kg 20 X3)

ﬂ Realisation of Hatcher and Wagoner's invariants in dimension 4
e~ N o~ —

E%E‘}&& When 1L 25, 2% and @ are surjective.

;2 X = X #
M(S.\ (Stable theorems) 3" and (O are (in some sense) surjective after taking connect sums with §% S Wh (%
Give
Thm (S For %a 4-manifold Hatcher/Wagoner's invariant (= surjects onto the following subgroup Dxamples W (nX ; Zor
< (s,6)Y | WXe)70 o $=0, e X, $€Z W e X D> . o P)=0 X (s 21
(2 X o Wi (T EEl o o e WA
~

Given A éw
/

EXOV\AF({S OF D(F(£<X/>X>¢O \VAt7

o — WK —mnfX) ——————> w0 —— O

= = 1=
LI > Wi ) s WhTXD
Z (T

O

A
TN S ———> kor Y ——— ke 2 —




* S \
XY = Wh, (Tt X)) 2

e, X) Wi, (X Zox X)) S
X)) N T X (k2T Xd)

LTX) ?f/VL_and F e E)O(‘J with Z (F}i .
LX;ZLX“va there exists Fé §<X:> with Z(F}f OJ ®<P>CO‘ .

¢ (ke 2T XY




o — NI N yS —— ke Y, ——— ko Z ——

e le | &

T k) — WLL] X ZLX“ZX> - Vw
o — ol ) ( S E0 A Rd)

. Wh. (. X)
o 28 = 2P € Wi
X ; Zyx T, % (K3 Z T X3)
@-(f) - @(F) g,\/ML
Z(’L(Xﬂ and & (LX) (\ ke¢ =) are in general very complicated.

& (PO N acZ)
When X = /\/\3% T, & (T N\ tecZ) and Z(L(x)) can be understood algebraically!

3
\«BlET! /\/\ can be calculated using the Farell-Jones conjecture for 3-manifold groups!

" ( Bactals , Facel [ iek)
Ly (B( =) K(2)
I bheory Spefrmm of Z—

) /\/\ c Co B*J/L
Touso
Iiw_vzi'\f ’ T, D((QPEQ/\/\XLDV\Yfﬂ — W"O"{(PI< M\‘(S‘B

M(S\ Let X be the 4-manifold Slx S\K I, 51)( S\x S,\ (/V\.’&'N\L\’(I,or (N\\%N\I)xsl for /V\I/Ml

closed, orientable, aspherical 3-manifolds. Then there is a subgroup < CmDL-(Z(” (X, 5x) and a surjective map
7
& K—— Pz
AN

and hence infinitely many distinct pseudo-isotopy classes of diffeomorphism of X

ble Z re -Have some element (e\/\/hz (Tr\ X>

«Write it in terms of generators

' =X iad
[ec\pe O = X -3y
% ) (O(A\‘WL + Create N calv'vce\h'ng pairs of handles‘
Do handle slides of 3-handles according to generators
Paﬁb\ \gDc At the end:

ZZ;; 5( A %% @

and [S- intersect algebraically as 7T ( 0/) — , but intersect weirdly geor}r\)etn’ca\lgl
* In high dimensions can sort this out using the Whitney trick - in 4-dimensions use <
-once A:QE; = & cancel the handles!

e’rpahsaﬂons “Have (S,6)% € M = \/\/L\'l (T!'XJ ZIXT(1><>

- Create a cancelling pair of handles

S

« Do a finger move around K :

(68

- Find an immersed sphere representing and tube it into

Noreg” seee

&

- Do boundary twists to make framed, and to arrange for the correct framing coefficient

o (+
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= Worry about intersections.

: : b " LSRG
« Successfully resolve intersections, except when W/, (€)= and <=4 -in this case you need an IR
to help.
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