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Reshetikhin-Turaev construction
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Based on the spectacular success of the Khovanov 
homology, that categorifies the Jones polynomial,

it is natural to ask whether Witten-Reshetikhin-
Turaev (WRT) invariants of 3-manifolds admit a 
similar categorification:



Possible ways around this challenge:

M.Khovanov, Y.Qi, A.Beliakova, …

R.Rouquier, A.Manion, …

this talk

One immediate obstacle is that the WRT invariants, 
defined at roots of unity, do not come in the form of 
a polynomial / power series in                          with 
integer coefficients, e.g.

• Hopfological algebra

• Higher representation theory

• Holomorphic q-series in |q|<1



labeled by

so that

Surprise: multiple q-series

S.G., C.Manolescu
S.G., P.-S.Hsin, H.Nakajima, S.Park, D.Pei, N.Sopenko

S.G., P.Putrov, C.Vafa
S.G., M.Marino, P.Putrov



For knot and link complements, a very efficient 
diagrammatic approach based on the R-matrix for 
Verma modules and quantum groups at generic was 
proposed by S. Park (2020, 2021).

For example, using this approach and the GM surgery 
formula one finds:



of decorated 
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ADO, BCGP, 
WRT, ...

Rokhlin

Turaev 
torsion

correction terms



Def:

d-dimensional TQFT

“n-form symmetry” G, abelian

(n+1)-form

connection on a flat n-gerbe

–decorated TQFT



d=3:

:

Pontryagin dual



Example: or               0-form symmetry

Chern-Simons TQFT



Example: or               0-form symmetry

line operators

has k simple objects

surface operator line operator

Chern-Simons TQFT



2d VOA / CFTKazhdan-LusztigQuantum groups

Chern-Simons 
TQFT “enriched” by

or

chiral algebra 
(lattice VOA)

F.Costantino, S.G., P.Putrov



2d VOA / CFTKazhdan-LusztigQuantum groups

Decorated TQFTs,
G-crossed MTCs, …

twisted sectors

F.Costantino, S.G., P.Putrov



Similarly, 3d                –decorated TQFTs

graded by

F.Costantino, S.G., P.Putrov



decorated by

decorated by
graded by

graded by

0-form symmetry

1-form symmetry

BCGP
0-form

GPPV
1-form

decorated by

decorated by
graded by

graded by

Application

F.Costantino, S.G., P.Putrov
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Fourier transform (gauging, “orbifolding”) of TQFTs
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TQFT

Fourier transform (gauging, “orbifolding”) of TQFTs

n-form symmetry(d-2-n)-form symmetry

F.Costantino, S.G., P.Putrov

Theorem:

swaps gradings and decorations on 

Assuming convergence, extends to 
cobordisms.



TQFT

Fourier transform (gauging, “orbifolding”) of TQFTs

n-form symmetry(d-2-n)-form symmetry

TQFT =  TQFT

cf.

Theorem:



Non-Semisimple 
(logarithmic)

TQFT

Turaev 
torsion

TQFT TQFT

“bosonization”



Non-Semisimple 
(logarithmic)

TQFT

Turaev 
torsion

“r-wrapping”
(reduction of 
grading mod r)

Hopfological algebra



Surgery formulae:

WRT :



Surgery formulae:

generic    :

:





“Rozansky-Witten invariants via formal geometry”

“Rozansky-Witten invariants via Atiyah classes”







tri-holomorphic

Coulomb branch, …

Hilbert series of

S.G., P.-S.Hsin, H.Nakajima, S.Park, D.Pei, N.Sopenko



cf. A.Nemethi



3d analogue of Vafa-Witten invariants

• Decorated by

• Reproduce characters of

• Physical definition (at last, in principle) for general

• Mathematical construction for Kahler

VOA[M ]4



Thanks for listening.

Questions?


